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Abstract

This paper consists of four chapters. The first chapter is the introduction,

which introduces the research background and research innovation. The second

chapter introduces the concepts and marks for general graphs and hypergraphs,

and some important definitions and lemmas. In the third chapter, we obtain

some improved Harnack inequalities and logarithmic Harnack inequalities, and

by using these inequalities we get eigenvalue estimates and logarithmic Sobolev

constant estimates. In the fourth chapter, we classify all the connected r-uniform

hypergraphs according to the spectral radius. Throughout this paper, we mainly

focus on the eigenvalues of graphs and hypergraphs.

The first chapter introduces the research background of this paper and the

research innovation. The Harnack inequality and logarithmic Harnack inequality

play a very important role in the Riemann geometry. But in recent years, these

inequalities are generalized to discrete space, mainly on the graphs. Chung, S.

T. Yau and my doctoral supervisor Professor Yong Lin have established and im-

proved the Harnack inequalities and logarithmic Harnack inequalities on graphs,

and by using these inequalities they get eigenvalue estimates and logarithmic

Sobolev constant estimates. By extending the continuous space theory to dis-

crete space, we will have a very broad prospects for applications in the real

world. In this chapter, we partially improved the results of Chung, S. T. Yau

and Professor Lin Yong. In addition, according to the spectral radius, Smith and

other scholars have completed the classifications for general graphs. But using

their methods, it is difficult to classify the hypergraphs, so we established a new

method, such as the concept of α-normal and the application of the concept, and

by using the computer programs, we obtain the classification of hypergraphs.

In the second chapter, in the first part, we mainly introduce the related con-

cepts and notes of general graphs, and define the curvature-dimension inequality

CD(m̃, ξ) and the exponential curvature - dimension inequality CDE(n,K). The

two inequalities are important tools for us to improve the Harnack inequality and



iv ãÚ�ã�Ì9ÄuÌ�»��ã©aïÄ

the logarithmic Harnack inequality. In the second part, we introduce the related

concepts and notes of hypergraphs, give the definition of the spectral radius of

hypergraphs, and establish some important definitions and lemmas which provide

basic methods for us to classify the hypergraphs and are useful in each section

of the fourth chapter.

In the third chapter, suppose that the convex subgraph of a homogeneous

graph satisfies the curvature-dimension inequality CD(m̃, ξ), we get improved

Harnack inequalities for the Dirichlet eigenvalues of certain homogeneous graphs,

and by the Harnack inequalities we get the lower bound for the eigenvalue. In the

second section, we obtain a new Ricci curvature operator Gamma2(F, f)(x) for

general homogeneous graph G, and assume that graph G satisfies the curvature

- dimension inequalities of CD(m̃, ξ), we get a logarithmic Harnack inequality

for general homogeneous graph. By this logarithmic Harnack inequality and the

eigenvalue estimate, we get lower bounds for the log-Sobolev constant. In the

third section, we establish logarithmic Harnack inequality for general graphs with

positive Ricci curvature, and get lower bounds for the logarithmic Sobolev con-

stant. In the fourth section, suppose graph G satisfies the exponential curvature

- dimension inequalities CDE(n,K), and u = u(x, t) is a positive solution of the

heat equation (mathcalL−q)u = 0 on G, we obtain an improved Li-Yau inequal-

ity and an upper bound of the minimum non-zero eigenvalue of the graph. By

the previous results of Chung, S. T. Yau and Professor Lin Yong, we know that

in this chapter all assumptions are reasonable.

In the last chapter, hypergraphs, as the promotion of graphs, have exten-

sive application background, but also have the essential technical difficulties. In

this chapter, by calculating, we get three limit points of the spectral radius of

hypergraphs, and by the new method we find and the computer program, we

generalized the classifications of hypergraphs with different spectral radius, fill-

ing the blank of the classifications for hypergraphs.

Keywords:Harnack inequality; logarithmic Harnack inequality; eigenvalue es-

timate; logarithmic Sobolev constant estimate; hypergraph; α-normal; spectral

radius.
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1.2 ©©©zzznnnããã

1.2.1 ãããþþþ���ÌÌÌ¯̄̄KKK

3ã�ÌnØ¥, ïÄA��ÚA�¼ê5�´���©­��SN, A�

���OU��ãþlÑ�ê¼L§�*Ñ�Ý. b�G �L��ã, V ´G

�º:8, E ´G �>8. dv L«�G �º:v ���>��ê, ·�b�G´

��ÛÜk�ã, =dv < +∞. �x Úy ´ãG �º:, XJx Úy��, =x Úy

�mk>��, K(x, y) ½x ∼ y L«ë�xÚy�>. ãG �Laplace �fL ½Â

�

Lf(x) =
1

dx

∑
a∈K

[f(x)− f(ax)], ∀f ∈ V R,

Ù¥V R = {f |f : V → R}.

31994c, Chung ÚS. T. Yau 3[8]¥y²
e�Harnack .Ø�ªµb

�G ´��'uK�ØC�à5ã, K ´G�>)¤8, K �����ê�k,

f(x)´G�±λ �A���A�¼ê, Ké?¿�α > 2 Úx ∈ V , k

1

k

∑
a∈K

[f(x)− f(ax)]2 + αλf 2(x) ≤ λα2

α− 2
sup
y∈K

f 2(y).

dd§¦���Neumann A��ÚDirichlet A���e.�O.

31996c, ChungÚS. T. Yau3[5]¥ïá
logarithmic Harnack.Ø�ª,

¿|^þãHarnack .Ø�ª¤���A���e.�O§��log-Sobolev~

ê���e.�O"

32010c§Y. Lin ÚS. T. YauÚ\
e�­Ç-�êØ�ª"�âBakry

ÚEmery [1], ·�½ÂΓ : V R × V R → V R µ

Γ(f, g)(x) =
1

2
{f(x)Lg(x) + g(x)Lf(x)− L(f(x)g(x))},

@o§

Γ2(f, g)(x) =
1

2
{Γ(f,Lg)(x) + Γ(g,Lf)(x)− LΓ(f, g)(x)}.

XJ

Γ2(f, f)(x) ≥ 1

m
(Lf(x))2 + ξΓ(f, f)(x),

·�`éum > 1 Úf ∈ V R, L ÷v­Ç-�êØ�ªCD(m, ξ). 32010c,

Y. Lin ÚS. T. Yau3[9]¥Ú\
­Ç-�êØ�ªCD(m,κ), ¿y²
éu?
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¿ëÏk�ã§XJd´k��§K÷vCD(2, 2
d
− 1), XJd´Ã��§K÷

vCD(2,−1) ùpd = supx∈V supy∼x
dx
µxy

. ¦��y²
3Bakry ÚEmery�½

Â�¿Âe§Ricci flatãäk�KRicci­Ç"¯¢þ§3�õê�¹e§Ricci

­Ç�"§Ø
�
AÏ�¹§X��ã(?¿ü�º:�mk>�ë)§Ricci

­Ç���"

32014c§F. Chung, Y. Lin ÚS. T. Yau 3[4]¥§b�ãG÷v­Ç-�ê

Ø�ªCD(m, ξ)§ξ ≥ 0§éu��ã��
��U?�Harnack.Ø�ª§¿

dd����A�����e.�O§í2
±c�(Ø"

32014c§Y. Lin ÚS. T. Yau 3[2]¥§Ú\CDE(n,K)"XJéx ∈ V§
f(x) > 0 ÷vf : V → R�∆f(x) < 0§·�k

Γ2(f)(x)− Γ(f,
Γ(f)

f
) ≥ 1

n
(∆f(x))2 +KΓ(f)(x),

½ö

Γ̃2(f)(x) :=
1

2
∆Γ(f)− Γ(f,

∆(f 2)

2f
) ≥ 1

n
(∆f(x))2 +KΓ(f)(x)

·�`G÷vCDE(n,K)"dd¦���Harnack.Ø�ªÚA����O"

3�©§éuà5ã§·�y²


Γ2(f, f)(x) =
1

4k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

− 1

2k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)]. (1.1)

b�ãG÷v­Ç-�êØ�ªCD(m, ξ)§dd��
HarnackÚlogarithmic

Harnack .Ø�ª±9A���O"éu��ã§·�b�ãG÷v­Ç-�ê

Ø�ªCD(m, ξ)§��logarithmic Harnack .Ø�ª±9A���O",	§

3þãÄ:þ§·�?�Úb�ãG÷vØ�ªCED(m, ξ)§?�ÚU?
±

c�(Ø"

1.2.2 ���ããã���ÌÌÌ¯̄̄KKK

éu�ãH§§�Ì�»´��ãH���Ý
���A��"éu��

ã§31970cSmith [60]©a
Ì�»�õ´2�ã. Ì�»�u2ã©O�: An,



4 ãÚ�ã�Ì9ÄuÌ�»��ã©aïÄ

Dn, E6, E7,ÚE8, Ì�»�u2ã©O�: Ãn, D̃n, Ẽ6, Ẽ7, D̃8. ù
ã/3�

ä¥ké­��A^"éu��ã§2´���Ì�»�4�:",	��4

�:´
√

2 +
√

5 ≈ 2.0582. Smith ÚHoffman [31, 32] JÑ
éõ­���{

�ïÄÌ�»"Shearer [59] y²
éu?¿�λ ≥
√

2 +
√

5 �3�S�{Gn}
¦�limn→∞ λ(Gn) = λ. Cvetković et al. [27]éu2 < ρ(G) ≤

√
2 +
√

5�Ñ


A����ã/"Brouwer ÚNeumaier [22]�õ
þã(Ø"Wang et al.

[62] ïÄ
�aÌ�»�C3
2

√
2�ã. Woo-Neumaier [63] ÚLan-Lu [48] ïÄ



√

2 +
√

5 < ρ(G) < 3
2

√
2�ã�(�.

3�©§·�ïÄ���ã�©a"�½���ãH, é?���f§

[xi] ∈ Rn§Ùõ�ª/ª�

PH([xi]) = r!
∑

{i1,...,ir}

xi1 · · · xir .

�ãH�Ì�»ρ(H)Ò´þãõ�ª3�å^�||x||k = 1e����:

ρ(H) = max
||x||k=1

PH(x).

·�O��Ñ1��Ì�»�4��´ρr := (r − 1)! r
√

4"éÌ�»�õ

�(r − 1)! r
√

4) ��ã?1
��©a"

,��Ì�»�4�:´ρ′r = (r−1)!β−
1
r ,ùpβ = −1

6
· (100+12 ·

√
69)

1
3 −

2

3·(100+12·
√

69)
1
3

+ 4
3
≈ 0.2451223338. ·�ïÄÌ�»ρ(H)�ρr < ρ(H) ≤ ρ′r��

ã"

1n�Ì�»�4�:´(r − 1)!
r
√

2 +
√

5"·��xÑ
Ì�»�õ

�(r − 1)!
r
√

2 +
√

5��ã�(�"

1.3 ���©©©���ïïïÄÄÄ���{{{999���¤¤¤������£££MMM###

�©Äk/ÏuY. Lin ÚS. T. Yauò�©AÛÚ �©�§Ú\ãØ��


(J§?�ÚïÄã�Ì¯K§äN5ù§Ì�/ÏuCD(m, ξ)�CED(m, ξ)Ø

�ªïÄã�A���O§¿rA���e.�OA^u¦)éêSobolev~

ê��O¶,��¡§/Ïu�5�ê!Ý
nØ�§|^α-�5, α-g�5,

α-��5��'(Ø9MATLAB!MAPLE §Sé�ã?1
©a"�©�

¤��£M#Xeµ
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#�A���O; ,	, ��ÌnØ�A^§|^���éêHarnack.Ø

�ª§¿(ÜA���e.�O§��éêSobolev~ê��O¶

2. ±c©z¥�âÌ�»é��ã?1
©a§·�|^uy�#�{

9MATLAB!MAPLE §SÄg¢y
é�ã�©a§WÖ
é�ã©

a��x"
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3�Ù§·�Ì��Ñ'uãÚ�ã��
Ä�VgÚPÒ§±9�
½

Â�Ún"Ù¥§�õê½ÂÚÚn��©#M§cÙ´k'�ã�Ü©§ù


Ún�·��¡é�ã�©aJø
'��g��{"

2.1 kkk'''������ããã������'''VVVggg���PPPÒÒÒ

-GL«��ã§º:8Ü�V§>8�E"º:x�Ý§^dxL«§´�

�x�ë�>��ê"XJéV�z�º:x§dx´k��§¡G´ÛÜk�ã"

ü�º:�m�ål´�ë�§�����>�ê8§
ãG��»´�¤

kº:�mål����"·�^x ∼ yL«x�y�ë§{x, y}L«ë�x�y�
>§µxyL«>{x, y}��"

b�+χ �^3V þ¦�:

(i) é¤k�a ∈ χ, {au, av} ∈ E ��=�{u, v} ∈ E;

(ii) éu?¿ü�º:u Úv, �3a ∈ χ ¦�au = v,

@o·�`G ´d+χ)¤�à5ã"?�Ú, ·�^>)¤8K ⊂ χ£ã>

8§@o§éuv ∈ V Úa ∈ K, G�z^>�±^{v, av}5L«. -K �¹k�

���K äké¡5, ½=, a ∈ K ��=�a−1 ∈ K. XJéu?¿�a ∈ K,

·�kaKa−1 = K, ·�`ãG'uK´ØC�. XJχ ´C��+, ·�¡G

´C��à5ã.

-V R = {f |f : V → R}, KãG�Laplace �fL �

Lf(x) =
1

k

∑
a∈K

[f(x)− f(ax)], ∀f ∈ V R.

XJf : V → R÷vLf(x) = λf(x),@o·�¡f ´GþLaplace�fL�±λ�
A���A�¼ê"´�0´L�éAuA�¼ê�~ê�A��"

�âBakry ÚEmery [1], ·�½ÂV�5�fΓ : V R × V R → V R �

Γ(f, g)(x) =
1

2
{f(x)Lg(x) + g(x)Lf(x)− L(f(x)g(x))}.
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ãGþRicci �fΓ2 �

Γ2(f, g)(x) =
1

2
{Γ(f,Lg)(x) + Γ(g,Lf)(x)− LΓ(f, g)(x)}.

?�Ú§·�k

ρ(x) =
1

k

∑
a∈K

[f(x)− f(ax)]2,

Γ(f, f)(x) =
1

2
ρ(x) =

1

2
· 1

k

∑
a∈K

[f(x)− f(ax)]2.

½Â2.1.1 éum > 1Ú?¿f ∈ V R, XJ

Γ2(f, f)(x) ≥ 1

m
(Lf(x))2 + ξΓ(f, f)(x),

·�¡�fL ÷v­Ç-�êØ�ªCD(m, ξ).

·�¡m ��fL��ê§¡ξ��fL�Ricci­Ç�e."N´�yé

um < m̃, XJ�fL÷vCD(m, ξ), @o§÷vCD(m̃, ξ).

XJΓ2(f, f)(x) ≥ ξΓ(f, f)(x), ·�`L ÷vCD(∞, ξ).

½Â2.1.2 XJéãG�z��x ∈ V Ú¼êf : V → R(f(x)ð�) ¦

�∆f(x) < 0, ·�k

Γ2(f)(x)− Γ(f,
Γ(f)

f
) ≥ 1

n
(∆f(x))2 +KΓ(f)(x),

½�d/

Γ̃2(f)(x) :=
1

2
∆Γ(f)− Γ(f,

∆(f 2)

2f
) ≥ 1

n
(∆f(x))2 +KΓ(f)(x),

·�¡G ÷v�ê­Ç-�êØ�ªCDE(n,K).

2.2 kkk'''���ããã������'''VVVggg!!!PPPÒÒÒÚÚÚ���


­­­���ÚÚÚnnn

éu���ã§�^>�Uë�ü�!:"XJ�^>�±ë�õ�!

:§ù��ã¡��ã"�ã�>¡��>"Xe¡�ã§dã�±w�´¹

k�^>§ù^>ë�3�!:��ã"
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XJ���ã�z^>¹k�Óê8Xr�!:§¡d�ã�r-���

ã"·�-H = (V,E)L«r-���ã§Ù¥§V´!:8Ü§E´�>8Ü

�E ⊂
(
V
r

)
. Xeã���¹2^>!7�!:�4-���ã§Ù¥!:8ÜV =

{v1, v2, v3, v4, v5, v6, v7}, �>8ÜE = {e1, e2} = {{v1, v2, v3, v4}, {v4, v5, v6, v7}}.

v1

v2

v3

v5

v6

v4
v7e1 e2

¹2^>!7�!:�4-���ã

!:v�Ý, ^dvL«, ´��¹v �>�ê8"XJdv = 1, ·�¡v´�!:"

�ãHþ�Ï�´�é¤k1 ≤ i ≤ l§÷vvi−1Úviáu>ei��X�!:Ú>

�8Üv0e1v1e2 . . . vl. !:v0Úvl ¡�ù^Ï��ª:. ù^Ï���Ý´�ù

^Ï�þ>�ê8"XJ3ù^Ï�þ¤k�>´ØÓ�§¡ù^Ï��´

»"XJvl = v0§¡ù^Ï�´4Ü�§d�§3ù^Ï�þXJ¤k�>Ú

!:´ØÓ�§¡ù^Ï�����"XJé?�é!:(u, v)§k�^´»ë

�u Úv, ¡�ãH´ëÏ�"XJH´ëÏ��Ã�§¡H��ä"XJ?ü

^>�õ����!:§¡H´{ü�ã"¯¢þ§?¿�{ü�ã���¹

��2-�: v1F1v2F2v1, ½=, v1, v2 ∈ F1 ∩ F2. �ä�½´{üã.

½Â2.2.1 [23, 26, 47, 54] �½��r-���ãH, éu?¿��fx :=

(x1, ..., xn) ∈ Rn, H�õ�ª¼êPH(x) : Rn → R ½Â�

PH(x) = r!
∑

{i1,i2,··· ,ir}∈E(H)

xi1xi2 · · · xir .

é?¿�p ≥ 1, H���p-A��½Â�

λp(H) = max
|x|p=1

PH(x).

3�©§·�½Âr-���ãH�Ì�»�ρ(H) = λr(H). �d/§·�

k

ρ(H) = r! max
x∈Rn≥0

x 6=0

∑
{i1,i2,··· ,ir}∈E(H) xi1xi2 · · ·xir∑n

i=1 x
r
i

. (2.1)

�§(2.1)¥�©ª¡�Raileighû. ¦(2.1)�������"�þx¡�éAu

Ì�»ρ(H)�A��þ"XJx´éAuÌ�»ρ(H)�A��þ§éu?¿
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�c > 0§cx�´éAuÌ�»ρ(H)�A��þ"XJA��þx¥��Ñ´�

�§½=x ∈ Rn
>0, @o·�¡x�H���Perron-Frobenius �f"

Ún2.2.2 [26, 47, 54] XJH ´ëÏ�r-���ã§@oH�Perron-

Frobenius �f�3"

d.�KF¦ê{´�§é?¿!:v, Perron-Frobenius �fx÷v

(r − 1)!
∑

{v,i2,··· ,ir}∈E(H)

xi2 · · · xir = ρ(H)xr−1
v . (2.2)

��Ún2.2.2�íØ§·�ke¡­��Ún"

Ún2.2.3 [26, 47, 54] XJG´ëÏ�r-���ã§H´G�ýfã§@

o

ρ(H) < ρ(G).

½Â2.2.4 �ãH�\�'éÝ
B´��|V |× |E|Ý
§ù�Ý
÷vµ
é?¿!:vÚ>e§XJv ∈ e§KB(v, e) > 0¶XJv 6∈ e§KB(v, e) = 0.

½Â2.2.5 XJ�ãH�\�'éÝ
B÷v

1. é?¿v ∈ V (H), k
∑

e : v∈eB(v, e) = 1,

2. é?¿e ∈ E(H), k
∏

v∈eB(v, e) = α,

K¡H�α-�5�"?�Ú§XJé?¿�v0e1v1e2 . . . vl (vl = v0)

l∏
i=1

B(vi, ei)

B(vi−1, ei)
= 1

·�¡�ãH´��α-�5�"

~2.2.6 ·��Ä�Cn. é?¿v ∈ e§½ÂB(v, e) = 1
2
. ¤±Cn ´

1
4
-�

5�.

�H´�ä§H�'éÝ
B�½´���"e¡´�
1
4
-�5���

ã"

~2.2.7 e¡�ã: D̃n, Ẽ6, Ẽ7, ÚẼ8, Ñ´1
4
-�5�. ·��±ÏLé!

:v¤3�>e���?1IÒB(v, e)5y²"XJv´���!:§IÒ�1§

·�íØù«IÒ"
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Ẽ6

1
4

3
4

1
3

1
3

3
4

1
4

1
3

3
4

1
4

Ẽ7

1
4

3
4

1
3

2
3

3
8

1
4

1
4

3
4

1
3

2
3

3
8

Ẽ8

1
4

3
4

5
12

2
5

3
8

1
3

1
4

1
4

1
3

3
5

5
8

2
3

3
4

1
4

1
2

1
2

1
2

1
2

· · ·
1
4

D̃n

1
4

1
2

1
2

1
4

w,´�§¤kÌ�»�2�ëÏã´��1
4
-�5�"Ì�»Úα-�5I

Ò�m�'X�±de�Ún�Ñµ

Ún2.2.8 H´ëÏr-���ã§��=�H ´��α-�5�α = ((r −
1)!/ρ(H))r�§H�Ì�»´ρ(H).

y². Äk·�y²7�5"-x := (x1, ..., xn) ´H �Perron-Frobenis �f.

½Â\�'éÝ
Xeµ

B(v, e) =


(r−1)!

∏
u∈e xu

ρ(H)xrv
(v ∈ e)

0 Ù§.

d½Â§é?¿>e, ·�k∏
v∈e

B(v, e) =
∏
v∈e

(r − 1)!
∏

u∈e xu

ρ(H)xrv
=

(
(r − 1)!

ρ(H)

)r
= α.

duPerron-Fronbenis �fx ÷v�§(2.2)§éuv ∈ V , ·�k

∑
e

B(v, e) =
∑

{v,i2,··· ,ir}∈E(H)

(r − 1)!
∏

u∈e xu

ρ(H)xrv
=
ρ(H)

ρ(H)
= 1.

é?¿�v0e1v1e2 . . . vl (vl = v0)§·�k

l∏
i=1

B(vi, ei)

B(vi−1, ei)
=

l∏
i=1

xrvi−1

xrvi
= 1.

¤±B´��α-�5�"
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·�y²¿©5Xe"b�B ´��α-�5�\�'éÝ
"éu?¿�

"�fx := (x1, x2, . . . , xn) ∈ Rn
≥0, ·�k

r!
∑

{xv1 ,xv2 ,...,xvr}∈E(H)

xv1xv2 · · ·xvr =
r!

α
1
r

∑
e∈E(H)

∏
v∈e

(B
1
r (v, e)xv)

≤ r!

α
1
r

∑
e∈E(H)

∑
v∈e(B(v, e)xrv)

r

=
(r − 1)!

α
1
r

‖x‖rr. (2.3)

Ïdρ(H) ≤ (r−1)!

α
1
r

. �H´α-�5��e��§|k�")�§�Ò¤á§

B(vi1 , e)
1/r · xi1 = B(vi2 , e)

1/r · xi2 = · · · = B(vir , e)
1/r · xir ,∀e = {xi1 , xi2 , . . . , xir} ∈ E(H).

(2.4)

?�!:v0§-x
∗
v0

= 1§XJ�3´»v0e1v1e2 · · · vl(= u)ë�v0 Úu§½Â

x∗u =

(
l∏

i=1

B(vi−1, ei)

B(vi, ei)

)1/r

.

Ï�H´ëÏ�§ù��´»�½�3§¿���5^��y
x∗u�ÀJ�´

»Ã'"´�(x∗1, . . . , x
∗
n) ´�§(2.4)���)"Ïd, ρ(H) = (r−1)!

α
1
r

.

52.2.9 XJH´{ü��ä§@o��5^�g,÷v"���¹e§

H ´α-�5�Ø¿�Xρ(H) = (r − 1)!α−
1
r . ·��Äe¡�~fH = C3§

x 1− x
x

1− xx

1− x

éu?¿�x ∈ (0, 1), C3 ´x(1−x)-�5�§�Øäk��5§Ø�x = 1
2
.

Ïd, ρ(H) = 2 ≤ [x(1− x)]−
1
2 .

·�²~I�òÌ�»ÚÙ§��'�§e¡�½ÂJø
ù«�{"

½Â2.2.10 XJ�ãH�3\�'éÝ
B ÷v

1. é?¿v ∈ V (H), k
∑

e : v∈eB(v, e) ≤ 1,
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2. é?¿e ∈ E(H), k
∏

v∈eB(v, e) ≥ α,

@o§¡H´α-g�5�"?�Ú, XJH´α-g�5�§�Ø´α-�5�§

¡H´î�α-g�5�"

·�ke¡�Únµ

Ún2.2.11 -H´r���ã. XJH´α-g�5�, @oH�Ì�»÷

v

ρ(H) ≤ (r − 1)!α−
1
r .

,	§XJH´î�α-g�5�, @oρ(H) < (r − 1)!α−
1
r .

y². y²aquØ�ª(2.3). éu?¿�"�fx := (x1, x2, . . . , xn) ∈ Rn
≥0,

·�k

r!
∑

{xv1 ,xv2 ,...,xvr}∈E(H)

xv1xv2 · · ·xvr ≤
r!

α
1
r

∑
e∈E(H)

∏
v∈e

(B
1
r (v, e)xv)

≤ r!

α
1
r

∑
e∈E(H)

∑
v∈e(B(v, e)xrv)

r

≤ (r − 1)!

α
1
r

‖x‖rr.

¤±ρ(H) ≤ (r−1)!

α
1
r

. �H ´î�α-g�5�, kρ(H) < (r−1)!

α
1
r

.

½Â2.2.12 XJ�ãH�3\�'éÝ
B÷v

1. é?¿v ∈ V (H), k
∑

e : v∈eB(v, e) ≥ 1,

2. é?¿e ∈ E(H), k
∏

v∈eB(v, e) ≤ α,

¡H´α-��5�"?�Ú, XJH´α-��5��Ø´α-�5�§¡H´î

�α-��5�

·�ke¡�Únµ

Ún2.2.13 -H´r-���ã. XJH´î���α-��5�, @oH�

Ì�»÷v

ρ(H) > (r − 1)!α−
1
r .
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y². aquÚn2.2.8�y², ��5^�`²�§(2.4)�3���)x =

(x∗1, x
∗
2, . . . , x

∗
n). ·�k

r!
∑

{x∗v1 ,x
∗
v2
,...,x∗

vr}
∈E(H)

x∗v1x
∗
v2
· · ·x∗vr ≥

r!

α
1
r

∑
e∈E(H)

∏
v∈e

(B
1
r (v, e)x∗v)

=
r!

α
1
r

∑
e∈E(H)

∑
v∈e(B(v, e)(x∗v)

r)

r

≥ (r − 1)!

α
1
r

‖x∗‖rr.

¤±§ρ(H) ≥ (r−1)!

α
1
r

. �H ´î�α-��5�, ·�kρ(H) > (r−1)!

α
1
r

.

Ún2.2.14 �0 < β < 1
4
, -f(x) = β

1−x , fn(x) = f(fn−1(x)) (n ≥ 2).

1. XJ0 < x ≤ 1−
√

1−4β
2

, @ofn(x) 'unüN4O, �limn→∞ f
n(x) =

1−
√

1−4β
2

. w,, �x = 1−
√

1−4β
2
�, fn(x) = 1−

√
1−4β
2

,∀n ≥ 1.

2. XJ1−
√

1−4β
2

< x < 1+
√

1−4β
2

,@ofn(x)'unüN4~,�limn→∞ f
n(x) =

1−
√

1−4β
2

.

y². ·�Äky²1�^. du0 < x ≤ 1−
√

1−4β
2

, �x = 1−
√

1−4β
2
�, ¼

êf(x) = β
1−x ����. Ïd, 0 < f(x) ≤ 1−

√
1−4β
2

. aq/, �f(x) =
1−
√

1−4β
2
�, f 2(x) = β

1−f(x)
����. Ïd§·��0 < f 2(x) ≤ 1−

√
1−4β
2

.

^Ó���{, ·��0 < fn(x) ≤ 1−
√

1−4β
2

, n ≥ 3. ,��¡, XJ0 <

fn(x) < 1−
√

1−4β
2

, ·�N´�yfn(x) − fn−1(x) = β
1−fn−1(x)

− fn−1(x) =
β−fn−1(x)+(fn−1(x))2

1−fn−1(x)
> 0, n ≥ 2. Ïd, é?¿n ≥ 2, kfn−1(x) < fn(x). d

d, -limn→∞ f
n(x) = f0(x), dfn(x) = β

1−fn−1(x)
, ·��f0(x) = 1−

√
1−4β
2

. 1�

^�y²�1�^�~aq, ·�3ùpØ2�Ñy².



111nnnÙÙÙ Harnack ØØØ���ªªªÚÚÚéééêêêHarnack ØØØ���ªªª±±±999§§§���

���AAA^̂̂

3�Ù, ·�Ì�|^­Ç-�êØ�ªCD(m, ξ)�ÑHarnack.Ø�ªÚ

éêHarnack.Ø�ª,¿|^Harnack.Ø�ª�Ñã�A���e.�O;,

	, déêHarnack.Ø�ªÚA���e.�O��ÑéêSobolev ~ê��

O. ��, d�ê­Ç-�êØ�ªCDE(m,K)�ÑU?�Harnack.Ø�ª, ¿

ddØ�ª��ã�LaplaceÝ
���A���þ.�O.

3.1 ààà555ãããþþþ'''uuuDirichlet AAA���������Harnack...ØØØ���ªªªÚÚÚAAA���

������OOO

3.1.1 ���


VVVgggÚÚÚÌÌÌ���½½½nnn

éuãG0, -º:8ÜV = V (G0)�f8�G, dG¤)¤�fã�¹G¥

º:3G0¥�¤k>"kü«a.�>., fãG�º:>.δG�¹¤kº:

Ø3G¥��G¥�
º:�ë�º:; >>.∂G�¹��à:3G¥
,��

à:Ø3G¥
3�ã¥�¤k>"·�E^G5L«fã"

éuäk��>.�fãG 5`§�âØÓ�>.^�§kü«a.�

A��§DirichletA��ÚNeumann A��, ·�ùp��ÄDirichlet A�

�§�é>.δG¥?¿º:x, kf(x) = 0. -V R = {f |f : V → R}, ãGþ
�Laplace �fL�:

Lf(x) =
1

k

∑
a∈K

[f(x)− f(ax)], ∀f ∈ V R.

G0�fãG�DirichletA��½Â�µ

λ = inf
f 6=0

∑
x,y∈G∪δG(f(x)− f(y))2

k
∑

x∈G f
2(x)

.

XJé?¿f8X ⊂ δG, §���N(X) = {y : y ∼ x ∈ X} ÷v

|N(X) \ (G ∪ δG)| = |y∈̄G ∪ δG : y ∼ x ∈ X| ≥ |X|,
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·�¡G0��k!:>.δG�fãG´à�. 3�!§b�àfãG÷v­

Ç-�êØ�ªCD(m, ξ), ·���U?�Harnack Ø�ªÚA���O§¤�

(Ø'©Ù[6] Ú[8]¥(Ø�r. ·��Ì�½nXe:

½n3.1.1 �G´à5ãþ�k�àfã§�÷v­Ç-�êØ�ªCD(m, ξ),

G�>)¤8�K, K�¹k���. -f ∈ V R�L�NÚA�¼ê§éA
�DirichletA���λ 6= 0, @o, é¤kx ∈ V Úα > 2 − 2ξ+2

λ
, e�Ø�

ª¤áµ

1

k

∑
a∈K

[f(x)− f(ax)]2 + αλf 2(x) ≤
(α2 + 2− 4

m
)λ+ 2αξ + 2α

(α− 2)λ+ 2ξ + 2
· λ ·max

z∈V
f 2(z).

�α = 4− 2ξ+2
λ
≥ 0, ·���

½n3.1.2 �G´à5ãþ�k�àfã§�÷v­Ç-�êØ�ªCD(m, ξ),

G�>)¤8�K, K�¹k���. -f ∈ V R�Laplacian�fL �NÚA�¼
ê§éA�DirichletA���λ 6= 0, @o, é¤kx ∈ V , e�Ø�ª¤áµ

1

k

∑
a∈K

[f(x)− f(ax)]2 ≤ [(9− 2

m
)λ− 4ξ − 4] max

z∈V
f 2(z).

·��±^½n3.1.2¥�Harnack Ø�ª����A���e.�O§X

eµ

½n3.1.3 �G´à5ãþ�k�àfã§�÷v­Ç-�êØ�ªCD(m, ξ),

λ´GþLaplace�fL��"Dirichlet A��§@o

λ ≥ m+ 4mkD2(ξ + 1)

(9m− 2)kD2
,

ùpD ´G��».

íØ3.1.4 �G´à5ãþ�k�àfã§�÷v­Ç-�êØ�ªCD(m, 0),

λ´GþLaplace�fL��"Dirichlet A��§@o

λ ≥ 1 + 4kD2

(9− 2
m

)kD2
,

ùpD ´G��».
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53.1.5 ·��(Jí2
[6] Ú[8]¥�(J"©Ù[6]Ú[8]y²
λ ≥
1

8kD2 , ,
díØ3.1.4, dum > 1, ·�N´�y

λ ≥ 1 + 4kD2

(9− 2
m

)kD2
>

5

(9− 2
m

)kD2
>

1

8kD2
.

3.1.2 ½½½nnn3.1.1���yyy²²²

·�Äky²e�Ún"

Ún3.1.6 -G �à5ãþ�àfã§G�>)¤8�K, K�¹k��

�. @o§é¤kf ∈ V RÚx ∈ V , Gþ�Ricci­Ç�fΓ2 ÷vµ

Γ2(f, f)(x) =
1

2
(Lf(x))2 − 1

2
ρ(x) +

1

4k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2.

Ún3.1.7 -G�à5ãþ�àfã§�÷v­Ç-�êØ�ªCD(m, ξ),

G�>)¤8�K, K �¹k���. @o§é¤kx ∈ V , ·�k

− 1

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2 ≤ (2− 4

m
)(Lf(x))2− 2(1 + ξ)ρ(x).

y². duG ÷vCD(m, ξ), ·�k

Γ2(f, f)(x) ≥ 1

m
(Lf(x))2 + ξΓ(f, f)(x).

dÚn3.1.6ÚþãØ�ª§·��

1

2
(Lf(x))2 − 1

2
ρ(x) +

1

4k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

≥ 1

m
(Lf(x))2 +

ξ

2
ρ(x).

Ïd§k

− 1

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2 ≤ (2− 4

m
)(Lf(x))2 − 2(1 + ξ)ρ(x).

Ún3.1.8 ([6]) �½G0�àfãG§éux ∈ δG§y ∈ G Úf(x) = 0, f :

G∪δG→ R÷v
∑

y∼x(f(x)−f(y)) = λf(x)dx �±í2�G0�¤k�G∪δG¥
º:���º:§¦�éuz ∈ G∪δG§f(z)÷v

∑
y∼z(f(z)−f(y)) = λf(z)dz,

ùpdz �LG0¥º:z �Ý.
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½n3.1.1�y². dÚn3.1.8, f �^u�G ∪ δG¥º:�ë�¤kº:.

@o§é?¿α > 0, ·�k

φ(x) =
1

k

∑
a∈K

[f(x)− f(ax)]2 + αλf 2(x).

·��Ä

Lφ(x) =
1

k

∑
b∈K

[φ(x)− φ(bx)]2

= +
αλ

k

∑
b∈K

[f 2(x)− f 2(bx)]

1

k2

∑
b∈K

∑
a∈K

{[f(x)− f(ax)]2 − [f(bx)− f(abx)]2}

=Z + Y,

ùpZ ÚY©O�Lþã1���ª¥�1��Ú1��"

Ï�G ´ØC�à5ã, k
∑

b∈K [f(abx)− f(bax)] = 0. dÚn3.1.7 Úþã

�ª§·�k

Y =
1

k2

∑
b∈K

∑
a∈K

{[f(x)− f(ax)]2 − [f(bx)− f(abx)]2}

=
2

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)][f(x)− f(ax)]

− 1

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

≤(2− 4

m
)(Lf(x))2 +

2

k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)]

+
2

k2

∑
a∈K

{
∑
b∈K

[f(x)− f(ax)− f(bx) + f(bax)]}[f(x)− f(ax)]− (2 + 2ξ)ρ(x)

=(2− 4

m
)(Lf(x))2 +

2

k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)]− (2 + 2ξ)ρ(x)

+
2

k

∑
a∈K

{1

k

∑
b∈K

[f(x)− f(bx)]− 1

k

∑
b∈K

[f(ax)− f(bax)]}[f(x)− f(ax)]

=(2− 4

m
)(Lf(x))2 +

2λ

k

∑
a∈K

[f(x)− f(ax)]2 − (2 + 2ξ)ρ(x)

=(2λ2 − 4λ2

m
)f 2(x) + (2λ− 2ξ − 2)ρ(x).
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,��¡§

Z =
αλ

k

∑
b∈K

[f 2(x)− f 2(bx)]

= −αλ
k

∑
b∈K

[f(x)− f(bx)]2 +
2αλ

k

∑
b∈K

f(x)[f(x)− f(bx)]

= 2αλ2f 2(x)− αλρ(x).

dþ¡(J§é?¿α > 0, ·�k

Lφ(x) ≤ (2λ2 + 2αλ2 − 4λ2

m
)f 2(x) + (2λ− αλ− 2ξ − 2)ρ(x).

Ï�G´k�ã§�3G���º:v§¦�φ(x) 3v?�����"Ïd§·

�k

0 ≤ Lφ(v) ≤ (2λ2 + 2αλ2 − 4λ2

m
)f 2(v) + (2λ− αλ− 2ξ − 2)ρ(v).

¤±§é?¿�α > 2− 2ξ+2
λ

,

ρ(v) ≤
(2 + 2α− 4

m
)λ2

(α− 2)λ+ 2ξ + 2
f 2(v)

Ïd§éz��x ∈ V , ·��

ρ(x) + αλf 2(x) ≤ ρ(v) + αλf 2(v)

≤
(2− 4

m
+ 2α)λ2

(α− 2)λ+ 2ξ + 2
f 2(v) + αλf 2(v)

≤
(α2 + 2− 4

m
)λ+ 2αξ + 2α

(α− 2)λ+ 2ξ + 2
· λ ·max

z∈V
f 2(z).

¤±§

1

k

∑
a∈K

[f(x)− f(ax)]2 + αλf 2(x) ≤
(α2 + 2− 4

m
)λ+ 2αξ + 2α

(α− 2)λ+ 2ξ + 2
· λ ·max

z∈V
f 2(z).

3.1.3 ½½½nnn3.1.3���yyy²²²

3ù�!, d½n3.1.2 ¥�Harnack Ø�ª§·�y²½n3.1.3.
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y². -f ∈ V R �Laplacian�fL�NÚA�¼ê§éA�A���λ 6= 0§

=éz��x ∈ V Lf(x) = λf(x). @o§
∑

x∈V f(x) = 0. Ïd§·��±b�

sup
x∈V

f(x) = 1 > inf
x∈V

f(x) = k < 0.

�x1, xn ∈ V ¦�f(x1) = supx∈V f(x) = 1, f(xn) = infx∈V f(x) = k < 0.

-x1, x2, · · ·, xn �ë�x1 and xn��á´», ùpxi ∼ xi+1. @o§n ≤ D, D

�ãG��». d½n3.1.2, ·�k

[f(xi)− f(xi+1)]2 ≤ kρ(xi) ≤ k[(9− 2

m
)λ− 4ξ − 4].

Ïd,

n−1∑
i=1

[f(xi)− f(xi+1)]2 ≤ k[(9− 2

m
)λ− 4ξ − 4]D.

,��¡, dCauchy-SchwartsØ�ª§�

n−1∑
i=1

[f(xi)− f(xi+1)]2 ≥ 1

D
[f(xn)− f(x1)]2 ≥ 1

D
.

Ïd§·��

λ ≥ m+ 4mkD2(ξ + 1)

(9m− 2)kD2
.

3.2 ààà555ãããþþþ���éééêêêHarnack ØØØ���ªªªÚÚÚ///ÏÏÏuuuAAA������eee...���OOO

���log-Sobolev ~~~êêê���OOO

3�!§·��Ä��à5ãþ�éêHarnack.Ø�ª"X[5], ·�½Â

ãGþ�éêSobolev~êβ Xeµ

β = inf
f 6=0

∑
y∼x(f(x)− f(y))2∑
x f

2(x)dx log f 2(x)
,

ùpf ÷v
∑

x f
2(x)dx =

∑
x dx = volG. @o§d©Ù[5]¥½n5, éuà5ã

·���XeÚnµ
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Ún3.2.1 éuà5ãG,-f : V → R��éêSobolev~ê�
∑

x f
2(x)k =

volG, @oé?¿º:x, f ÷vLf(x) = βf(x) log f 2(x).

éu���à5ãG, ·�ïá
��#�Ricci ­Ç�f§?
, b�à

5ãG÷v­Ç-�êØ�ªCD(m, ξ), ·�����U?�éêHarnack.Ø

�ª§¿/Ïuà5ãGþ�A���O§��éêSobolev~ê�e."·�

�Ì�(ØXeµ

½n3.2.2 �G ´��à5ã, ÷v­Ç-�êØ�ªCD(m, ξ), f ∈
V R÷v

Lf(x) = βf(x) log f 2(x).

@o, éuU = supx |f(x)| ≥ 1, σ ≥ 2, x ∈ V (G), e�Ø�ª¤á

∑
a∈K

[f(x)−f(ax)]2 ≤ 2kσβ(σ + s− 1)

σ + s− 2
·max{U2 logU2[1+(1− 2

mσ(σ + s− 1)
) logU2)], 1},

ùps > 0 ´��~ê�÷vξ = sβ.

3½n3.2.2¥-σ = 2, ¿d�¡�½n3.2.6 Ú½n3.2.7, ·���e�½

n3.2.3. d½ny²�©Ù[5]¥½n7�y²aq§·�3ùpØ2�Ñy²L

§"

½n3.2.3 �G ´��à5ã, ÷v­Ç-�êØ�ªCD(m, ξ), f ∈
V R÷v

Lf(x) = βf(x) log f 2(x).

@o§éuU = supx |f(x)| ≥ 1, à5ãGþ�éêSobolev ~êβ ÷v

β ≥ min(
1 + 4ξkD2

8k(4− 1
m

)D2
,

1

8D2k(1
s

+ 1) logU2(1 + logU2)
),

ùpD ´ãG��».

3.2.1 ­­­���ÚÚÚnnn

y3§·��à5ãïá�
Ún"ÏLU?©Ù[4]¥½n1.2�y²§·

���e¡Únµ
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Ún3.2.4 �G����à5ã§-§�>)¤8�K��¹k���"

@oéu¤k�f ∈ V R Úx ∈ V§ãG�Ricci­Ç�fΓ2(f, f)(x)ke��ª

¤áµ

Γ2(f, f)(x) =
1

4k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

− 1

2k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)].

y². Äk-

ρ(x) =
1

k

∑
a∈K

[f(x)− f(ax)]2.

·�k

2LΓ(f, f) =Lρ(x) =
1

k

∑
b∈K

[ρ(x)− ρ(bx)]

=
1

k2

∑
b∈K

∑
a∈K

{[f(x)− f(ax)]2 − [f(bx)− f(abx)]2}

=
2

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)][f(x)− f(ax)]

− 1

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

=
2

k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)]

+
2

k

∑
a∈K

{1

k

∑
b∈K

[f(x)− f(bx)]− 1

k

∑
b∈K

[f(ax)− f(bax)]}[f(x)− f(ax)]

− 1

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

=
2

k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)]

+ 2(Lf(x))2 − 2

k

∑
a∈K

[f(x)− f(ax)]Lf(ax)

− 1

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2.
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,��¡,

L(f(x)Lf(x)) =
1

k

∑
a∈K

[f(x)Lf(x)− f(ax)Lf(ax)]

=
1

k

∑
a∈K

[f(x)Lf(x)− f(ax)Lf(x) + f(ax)Lf(x)− f(ax)Lf(ax)]

=(Lf(x))2 +
1

k

∑
a∈K

[f(ax)− f(x)][Lf(x)− Lf(ax)]

+
1

k

∑
a∈K

f(x)[Lf(x)− Lf(ax)]

=(Lf(x))2 + f(x)L(Lf(x)) +
1

k

∑
a∈K

[f(ax)− f(x)][Lf(x)− Lf(ax)].

Ïd§·��

Γ(f,Lf)(x) =
1

2
{f(x)L(Lf(x)) + (Lf(x))2 − L(f(x)Lf(x))}

=
1

2k

∑
a∈K

[f(x)− f(ax)][Lf(x)− Lf(ax)]

=
1

2
(Lf(x))2 − 1

2k

∑
a∈K

[f(x)− f(ax)]Lf(ax).

Ïd§k

Γ2(f, f)(x) =Γ(f,Lf)(x)− 1

2
LΓ(f, f)(x)

=
1

2
(Lf(x))2 − 1

2k

∑
a∈K

[f(x)− f(ax)]Lf(ax)

+
1

4k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

− 1

2k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)]

− 1

2
(Lf(x))2 +

1

2k

∑
a∈K

[f(x)− f(ax)]Lf(ax)

=
1

4k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

− 1

2k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)].
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Ún3.2.5 -G����à5ã§�§�>)¤8�K��¹k���§

XG÷v­Ç-�êØ�ªCD(m, ξ), @oéu¤k�x ∈ V§·�k

− 1

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

+
2

k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)]

≤ − 4

m
(Lf(x))2 − 2ξρ(x).

y². Ï�G ÷vCD(m, ξ), ·��

Γ2(f, f)(x) ≥ 1

m
(Lf(x))2 + ξΓ(f, f)(x).

dÚn3.2.4 ÚþãØ�ª, �

1

4k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

− 1

2k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)]

≥ 1

m
(Lf(x))2 +

ξ

2
ρ(x).

�nþãØ�ª§·�=���Ún¥(Ø"

dÚn3.2.5, ·��±��e¡½n3.2.6¥�Harnack Ø�ª"ù�Ø�

ª�©Ù[4]¥�(Ø�q§
�y²aq§·�3ùpØ2�Ñy²"

½n3.2.6 -G ´��à5ã�÷v­Ç-�êØ�ªCD(m, ξ), �f ∈
V R´.Ê.d�fL�NÚA�¼ê§éA�A���λ 6= 0, @oé¤k

�x ∈ V§e�Harnack .Ø�ª¤áµ

1

k

∑
a∈K

[f(x)− f(ax)]2 ≤ [(8− 2

m
)λ− 4ξ] max

z∈V
f 2(z).

d½n3.2.6¥�Harnack .Ø�ª, ·��±��XeA���e.�

O"ù�e.�O�©Ù[4]¥�(Øaq§¿�é·���½n3.2.3¥�é

êSobolev~ê�e.�O�~k^"



1nÙ HARNACK Ø�ªÚéêHARNACK Ø�ª±9§��A^ 25

½n3.2.7 -G´��à5ã�÷v­Ç-�êØ�ªCD(m, ξ),�λ´Gþ

�.Ê.d�fL��"A��§@o§·�k

λ ≥ 1 + 4ξkD2

k(8− 2
m

)D2
,

ùpD´ãG��»"

3.2.2 ½½½nnn3.2.2���yyy²²²

3ù�!,dÚn3.2.5§·��Ñ½n3.2.2�y². y²g´5
u©Ù[5]

¥�½n6.

y². Äk-

ρ(x) =
1

k

∑
a∈K

[f(x)− f(ax)]2.

dÚn3.2.5 , ·��

Lρ(x) =
1

k2

∑
b∈K

∑
a∈K

{[f(x)− f(ax)]2 − [f(bx)− f(abx)]2}

=
2

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(bax)][f(x)− f(ax)]

+
2

k2

∑
a∈K

[
∑
b∈K

(f(abx)− f(bax))][f(x)− f(ax)]

− 1

k2

∑
b∈K

∑
a∈K

[f(x)− f(ax)− f(bx) + f(abx)]2

≤X − 4

m
(Lf(x))2 − 2ξρ(x), (3.1)

ùpX �L1���ª¥�1��"dÚn3.2.1, �

X =
2

k

∑
a∈K

{1

k

∑
b∈K

[f(x)− f(bx)]− 1

k

∑
b∈K

[f(ax)− f(bax)]}[f(x)− f(ax)]

=
2β

k

∑
a∈K

[f(x) log f 2(x)− f(ax) log f 2(ax)][f(x)− f(ax)]. (3.2)



26 ãÚ�ã�Ì9ÄuÌ�»��ã©aïÄ

�©Ù[5]¥½n6¥�y²aq, é?¿σ ≥ 2, ·�k

L(σβf 2(x) log f 2(x)) +X

=
σβ

k

∑
a∈K

[f 2(x) log f 2(x)− f 2(ax) log f 2(ax)] +X

=2σβ2f 2(x) log2 f 2(x)

− (σ − 2)β

k

∑
a∈K

[f(x) log f 2(x)− f(ax) log f 2(ax)][f(x)− f(ax)]

+
σβ

k

∑
a∈K

f(x)f(ax)[log f 2(x)− log f 2(ax)]

≤2σβ2f 2(x) log f 2(x)(1 + log f 2(x))

− (σ − 2)β

k

∑
a∈K

[f(x) log f 2(x)− f(ax) log f 2(ax)][f(x)− f(ax)]

≤2σβ2f 2(x) log f 2(x)(1 + log f 2(x))

− (σ − 2)β4f 2(x) | log3 f 2(x) | −2(σ − 2)βρ(x)− 2(σ − 2)βρ(x)

≤2σβ2f 2(x) log f 2(x)(1 + log f 2(x)). (3.3)

Ïd, d(3.1), (3.2), (3.3) ÚÚn3.2.1, ·��

L(ρ(x) + σβf 2(x) log f 2(x))

≤− 4

m
(Lf(x))2 − 2ξρ(x) + L(σβf 2(x) log f 2(x)) +X

≤2σβ2f 2(x) log f 2(x)(1 + log f 2(x))− 4

m
β2f 2(x) log2 f 2(x)

− 2(σβ − 2β + ξ)ρ(x).

y3§3¤k!:x ∈ V¥§·�ÀJ!:v§¦�ρ(x) + σβf 2(x) log f 2(x)3

!:v?�����"Ïd§·�k

0 ≤L(ρ(v) + σβf 2(v) log f 2(v))

≤2σβ2f 2(v) log f 2(v)(1 + log f 2(v))− 4

m
β2f 2(v) log2 f 2(v)

− 2(σβ − 2β + ξ)ρ(v).
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�ξ = sβ and s > 0, �

ρ(v) ≤
2σβf 2(v) log f 2(v)(1 + log f 2(v))− 4

m
βf 2(v) log2 f 2(v)

2(σ + s− 2)
.

Ïd§éz��x ∈ V Ú?¿�σ ≥ 2, ·�k

1

k

∑
a∈K

[f(x)− f(ax)]2 + σβf 2(x) log f 2(x)

≤ ρ(v) + σβf 2(v) log f 2(v)

≤ (
σβ

σ + s− 2
+ σβ) · f 2(v) log f 2(v)(1 + log f 2(v))− 2β

m(σ + s− 2)
· f 2(v) log2 f 2(v)

≤ σβ(σ + s− 1)

σ + s− 2
· f 2(v) log f 2(v)(1 + log f 2(v))− 2β

m(σ + s− 2)
· f 2(v) log2 f 2(v)

=
σβ(σ + s− 1)

σ + s− 2
· f 2(v) log f 2(v) · [1 + (1− 2

mσ(σ + s− 1)
) log f 2(v)].

·��Äe¡��/:

1. �|f(x)| ≥ 1�, ·��±¿Kσβf 2(x) log f 2(x)ù��, �∑
a∈K

[f(x)−f(ax)]2 ≤ kσβ(σ + s− 1)

σ + s− 2
·f 2(v) log f 2(v)·[1+(1− 2

mσ(σ + s− 1)
) log f 2(v)].

2. �|f(x)| < 1 �f(x) 6= 0�, ´�−f 2(x) log f 2(x) ≤ e−1 < 1, ·�k∑
a∈K

[f(x)− f(ax)]2 ≤kσβ(σ + s− 1)

σ + s− 2
f 2(v) log f 2(v)[1 + (1− 2

mσ(σ + s− 1)
) log f 2(v)]

+ kσβ.

(3.4)

duσ ≥ 2, m ≥ 1, s > 0, ·��0 < 2
mσ(σ−1+s)

< 1. Ïd, éuU =

supx |f(x)| ≥ 1, ·��∑
a∈K

[f(x)−f(ax)]2 ≤ 2kσβ(σ + s− 1)

σ + s− 2
·max{U2 logU2[1+(1− 2

mσ(σ + s− 1)
) logU2)], 1}.
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3.3 äääkkk������Ricci­­­ÇÇÇ���������ãããþþþ���éééêêêHarnack ØØØ���ªªªÚÚÚ///

ÏÏÏuuuAAA������eee...���OOO���éééêêêSobolev ~~~êêê���OOO

3ù�!§/�©Ù[4]¥��{§b�ãG÷v­Ç-�êØ�ªCD(m, ξ)§

·�3��ãþïá
éêHarnackØ�ª§¿�/ÏuãþA���e.�

O§·���éêSobolev~ê�e."

3.3.1 ÚÚÚnnnÚÚÚÌÌÌ���½½½nnn

d[4], ·�ke¡Únµ

Ún3.3.1 �G ´k�ëÏã�÷v­Ç-�êØ�ªCD(m, ξ), @oé

?¿x ∈ V Úf ∈ V R, ·�k

− 1

dx

∑
y∼x

1

dy

∑
z∼y

[f(x)− 2f(y) + f(z)]2 ≤ (2− 4

m
)(Lf(x))2 − (2 + 2ξ)ρ(x).

3�!, X[5], ·�½ÂãGþ�Sobolev ~êβ Xe

β = inf
f 6=0

∑
y∼x(f(x)− f(y))2∑
x f

2(x)dx log f 2(x)
,

ùpf ÷v
∑

x f
2(x)dx =

∑
x dx = volG. d©Ù[5]¥½n5, ·�é��ã��

e�Únµ

Ún3.3.2 é��ãG, �f : V → R ��Sobolev~ê�
∑

x f
2(x)dx =

volG, @oéu?¿!:x, f÷vLf(x) = βf(x) log f 2(x).

3�!§·�Äk-¤ïÄ���ãÑ´ëÏ�äk��Ricci­Ç�k�

ã§½=§ξ > 0. dÚn3.3.1 ÚÚn3.3.2, ·��Ì�(ØXeµ

½n3.3.3 ���ãG ÷v­Ç-�êØ�ªCD(m, ξ), f ∈ V R ÷

vLf(x) = βf(x) log f 2(x). @o, éuU = supx |f(x)| ≥ 1, x ∈ V (G),e�

Ø�ª¤á

1

dx

∑
y∼x

[f(x)− f(y)]2 ≤ 2β2 + 2ξβ

ξ
max{U2 logU2[1 + (1− 1

m
) logU2], 1}. (3.5)

3(3.5)¥�ξ = wβ, ùpw > 0 ´��~ê, ·��∑
y∼x

[f(x)− f(y)]2 ≤ 2βd(1 + w)

w
max{U2 logU2[1 + (1− 1

m
) logU2], 1}, (3.6)

ùpd ãG�¤kº:�Ý���.



1nÙ HARNACK Ø�ªÚéêHARNACK Ø�ª±9§��A^ 29

��½n3.3.3�A^, dØ�ª(3.5)Ú(3.6), ·�ke�½n.

½n3.3.4 ���ãG ÷v­Ç-�êØ�ªCD(m, ξ), f ∈ V R ÷

vLf(x) = βf(x) log f 2(x). @o, éuU = supx |f(x)| ≥ 1, ãG�Sobolev

~êβ ÷v

β ≥ min(
1 + 4ξdD2

8d(4− 1
m

)D2
,

1

8D2d(1 + 1
w

) logU2[1 + (1− 1
m

) logU2]
),

ùpd ´��Ý�D ´G��».

½n3.3.5 �ãG ��±�ê�δ �÷v­Ç-�êØ�ªCD(m,wβ).

-f ��Sobolev ~êβ �supx f(x) = U . @o§·�k

β ≥ w

2d(1 + w)(4cvolG)
2
δ

,

½

logU2(1 + (1− 1

m
) logU2) ≤ 2δ log δ[1 + (2− 2

m
)δ log δ].

(Ü½n3.3.4 Ú½n3.3.5, ·�ke�½n

½n3.3.6 �G ��±�ê�δ �÷v­Ç-�êØ�ªCD(m,wβ). -f

��Sobolev ~êβ �supx f(x) = U . @oãG�Sobolev ~êβ ÷v

β ≥ min(
c0

(volG)
2
δ

,
1

16D2d(1 + 1
w

)δ log δ[1 + (2− 2
m

)δ log δ]
),

ùpc0 =�δ, w, m, d, ÚDk'.

3.3.2 ½½½nnn���yyy²²²

dÚn3.3.1 ÚÚn3.3.2, ·��±y²½n3.3.3. y²�g´5
u[4]

Ú[5].

½n3.3.3�y². ·�-

φ(x) =
1

dx

∑
y∼x

[f(x)− f(y)]2 + 2βf 2(x) log f 2(x)

=ρ(x) + 2βf 2(x) log f 2(x).
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@o, �â©Ù[4]¥Ún2.1�y², dÚn3.3.1ÚÚn3.3.2, ·�k

Lρ(x) =− 1

dx

∑
y∼x

1

dy

∑
z∼y

[f(x)− 2f(y) + f(z)]2

+
2

dx

∑
y∼x

1

dy

∑
z∼y

[f(x)− f(y) + f(z)− f(y)] · [f(x)− f(y)]

≤(2− 4

m
)(Lf(x))2 − (2 + 2ξ)ρ(x) + 2ρ(x) +

2

dx

∑
y∼x

[f(x)− f(y)] · 1

dy

∑
z∼y

[f(z)− f(y)]

≤(2− 4

m
)(Lf(x))2 − 2ξρ(x) +

2

dx

∑
y∼x

[f(x)− f(y)] · (−Lf(y))

=(2− 4

m
)(Lf(x))2 − 2ξρ(x) +

2

dx

∑
y∼x

[f(x)− f(y)] · (−Lf(y) + Lf(x)− Lf(x))

=− 4

m
(Lf(x))2 − 2ξρ(x) +

2

dx

∑
y∼x

[f(x)− f(y)] · (Lf(x)− Lf(y))

=− 4

m
(Lf(x))2 − 2ξρ(x) +

2β

dx

∑
y∼x

[f(x) log f 2(x)− f(y) log f 2(y)][f(x)− f(y)].

(3.7)

,��¡, �â©Ù[5]¥½n6�y², ·�k

L(f 2(x) log f 2(x))

=
1

dx

∑
y∼x

[f 2(x) log f 2(x)− f 2(y) log f 2(y)]

=
2

dx

∑
y∼x

f(x)[f(x)− f(y)] log f 2(x)

− 1

dx

∑
y∼x

[f 2(x) log f 2(x)− f 2(y) log f 2(y)](f(x)− f(y))

+
1

dx

∑
y∼x

f(x)f(y)[log f 2(x)− log f 2(y)]

=2βf 2(x) log2 f 2(x)

− 1

dx

∑
y∼x

[f 2(x) log f 2(x)− f 2(y) log f 2(y)](f(x)− f(y))

+
1

dx

∑
y∼x

f(x)f(y)[log f 2(x)− log f 2(y)]. (3.8)
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¦���
k∑
i=1

abi(log a2 − log b2
i )

�½^��
k∑
i=1

bi = ka− βka log a2,

ùpk = dx,·��±^Lagrange�{�,�b1 = b2 = . . . = bk�,
∑k

i=1 abi(log a2−
log b2

i ) �����. ¤±§·��

1

dx

∑
y∼x

f(x)f(y)[log f 2(x)− log f 2(y)]

≤ 1

dx

∑
y∼x

f(x)[f(x)− βf(x) log f 2(x)][log f 2(x)− log(f(x)− βf(x) log f 2(x))2]

≤ 2βf 2(x) log f 2(x). (3.9)

Ïd, d(3.7), (3.8), Ú(3.9), ·�k

L(ρ(x) + 2βf 2(x) log f 2(x))

≤− 4

m
(Lf(x))2 − 2ξρ(x) + 4β2f 2(x) log f 2(x)(1 + log f 2(x))

=− 4

m
· β2f 2(x) log2 f 2(x)− 2ξρ(x) + 4β2f 2(x) log f 2(x)(1 + log f 2(x)).

Ï�G´k�ã§�3G���º:v§¦�ρ(x) + 2βf 2(x) log f 2(x) 3v ?�

����"Ïd§·�k

0 ≤L(ρ(v) + 2βf 2(v) log f 2(v))

≤4β2f 2(v) log f 2(v)(1 + log f 2(v))− 4

m
β2f 2(v) log2 f 2(v)− 2ξρ(v)

=4β2f 2(v) log f 2(v) + 4β2(1− 1

m
)f 2(v) log2 f 2(v)− 2ξρ(v). (3.10)

¤±§k

ρ(v) ≤
2β2f 2(v) log f 2(v) + 2β2(1− 1

m
)f 2(v) log2 f 2(v)

ξ
.
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Ïd§éz��x ∈ V , ·�k

1

dx

∑
y∼x

[f(x)− f(y)]2 + 2βf 2(x) log f 2(x)

≤ ρ(v) + 2βf 2(v) log f 2(v))

=
2β2 + 2ξβ

ξ
f 2(v) log f 2(v)[1 +

β

β + ξ
· (1− 1

m
) log f 2(v)]. (3.11)

dum > 1, ξ > 0Úβ > 0, éuU = supx |f(x)| ≥ 1, ·�k

1

dx

∑
y∼x

[f(x)− f(y)]2 ≤ 2β2 + 2ξβ

ξ
max{U2 logU2[1 + (1− 1

m
) logU2], 1}.

y.. �

½n3.3.4�y². ·��Äü«�¹:

1. supx |f(x)− 1| ≤ 1
2
. d[4], ·�kλ1 ≥ 1+4ξdD2

d·(8− 2
m
·D2)

. Ïd§·��

β ≥ λ1

4
≥ 1 + 4ξdD2

8d · (4− 1
m
·D2)

.

2. supx |f(x) − 1| ≥ 1
2
. du

∑
v f

2(v)dx = volG, �f(x0) = c Úf(xs) = 1.

-P�ë�x0, · · · , xs��á´», ùpf(x0) = supx f(x). �U2 logU2[1 +

(1− 1
m

) logU2] ≥ 1�, Ï�s ≤ D, d(3.3.2) ·��

s−1∑
i=0

(f(xi)− f(xi+1))2 ≤ 2βdD(1 + w)

w
· U2 logU2[1 + (1− 1

m
) logU2].

,��¡,
s−1∑
i=0

(f(xi)− f(xi+1))2 ≥ U2

4D
.

Ïd§·��

β ≥ 1

8D2d(1 + 1
w

) logU2[1 + (1− 1
m

) logU2]
.

�U2 logU2[1 + (1− 1
m

) logU2] ≤ 1�, ·�éN´��

β ≥ 1

8D2d(1 + 1
w

)
.
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y.�

½n3.3.5�y². ·�-Pë�º:x0, · · · , xs��á´», ùpf(x0) = U

�f(xs) ≤ 1. ���U�þ., ·��Ä¥Br = {y : d(x0, y) ≤ r}. �

s = b 1

2
√

2βd(1+w)
w

logU2[1 + (1− 1
m

) logU2]
c.

d©Ù[5]¥(21), ·�k

β
δ
2volG ≥ U2

4c[2d(1+w)
w

logU2(1 + (1− 1
m

) logU2)]
δ
2

.

·��Äe¡ü«�¹:

1. � U2

[logU2(1+(1− 1
m

) logU2)]
δ
2
≥ 1�, ·�k

β ≥ w

2d(1 + w)(4cvolG)
2
δ

.

2. � U2

[logU2(1+(1− 1
m

) logU2)]
δ
2
< 1�, ½=,

logU2(1 + (1− 1

m
) logU2) ≤ 2δ log δ[1 + (2− 2

m
)δ log δ].

y.. �

3.4 ãããþþþ���Li-YauØØØ���ªªª999AAA���������OOO

3.4.1 ÚÚÚóóó

31986c, Li ÚYau 3©[10] y²
9�§�)�FÝ�OØ�ª§Xe

�½nµ

Theorem A ([10])-M L«Ø¹>.���6/. �u(x, t)�3M×(0, T ]

þ�e�9�§��)

(∆− ∂

∂t
− q)u = 0. (3.12)
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b�M�Ricci ­Çe.�−K, ùpK ≥ 0´��~ê. ·�b��3�:p ∈
M , ~êθ, ¼êγ(r, t) ¦�3M × (0, T ]þk|∇q|(x, t) ≤ γ(r(t), t) �∆q ≤ θ, ù

pr(x) �Lp �x�ål, @ok

(i) XJK=0 �limr→∞
γ(r,t)
r
≤ τ(t), @o, é¤kα > l

|∇u|2

u2
− ut
u
− q ≤ n

2
t−1 + Cτ 3/2(t) + (

n

2
θ)1/2.

(ii) XJé�
γ0(t)kγ(r, t) ≤ γ0(t), @o

|∇u|2

u2
− αut

u
− αq ≤ n

2
α2t−1 + C[τ 3/2(t) + (α− 1)−1K + θ1/2].

k'Li-Yau Ø�ª�'�(Ø, ·��±��[3, 12–15] Úù
©zp¡Ú^�

©Ù.

¯¢þ, éäk�K­Ç6/þ�Laplacian �f, ëêα �±�'ut�¼

êα(t)�O, ~X

Theorem B ([16, 17]) -M �n����6/.�Ricci(M) ≥ −K, K ≥ 0.

é?¿9�§∂tu = ∆u��)u Út > 0, ·�k,

| ∇ log u |2 −(1 +
2

3
Kt)(log u)t ≤

n

2t
+
nK

2
(1 +

1

3
Kt), (3.13)

| ∇ log u |2 −(1 +
sinh(Kt) cosh(Kt)−Kt

sinh2(Kt)
)(log u)t ≤

nK

2
(1 + cosh(Kt)).

(3.14)

y3, ·�3ãþ�ÄþãØ�ª. ãGþ�µ-Laplacian �f∆ : R|v| →
R|v| ½Â�µ

∆f(x) =
1

µ(x)

∑
y∼x

ωxy[f(y)− f(x)].

�
O��B, X©[2]¥§·�-
∑̃

y∼xh(y) := 1
µ(x)

∑
y∼x ωxyh(y).

éuµ-Laplacian ∆, �ωmin := infe∈E ωe > 0, Dω := maxy∼x
deg(x)
ωxy

< ∞, Dµ :=

maxx∈V
deg(x)
µx

<∞.

¯¤±�§óª{K¦�3lÑ�mþ´���§Ïd§3é��ã�

m§3ãþïáLi-YauØ�ªé(J"CÏ§Yong LinÚYau �3©[2]¥¤õ

�)û
ù�JK§¦��Ñ
óª{K¦�3lÑ�mþ���JK§Ú



1nÙ HARNACK Ø�ªÚéêHARNACK Ø�ª±9§��A^ 35

\
�ê­Ç- �êØ�ªCDE(n,−K)§¿�d3ãþïá�Li-YauØ�ª§

y²
ãþ��A�����þ.�O"�´§3¦��y²¥§Ü©�§¥

E,¦^
óª{Két¦�, X©[2]¥�§(4.13), (4.23), (4.24)�.

3�!§·���
Ún3.4.4§l
3y²L§¥��;�
óª{K

¦�, ��
U?�Li-YauØ�ª. ,	§·���½nB�lÑ/ª, ��/

X(3.13) Ú(3.14)�Ø�ª. ��§·���
U?�ãþ�Li-YauØ�ªÚã

þ��A���þ.�O�"

3.4.2 ÚÚÚnnn

·�Äk�Ñ�
3±��y²¥²~^��Ún"

Ún3.4.1 �G ´��k�(½Ã�)ã, ∆ ´Gþ�Laplace �f. -f :

V → R ÷vf(x) > 0, @o

∆f(x) = 2
√
f(x)∆

√
f(x) + 2Γ(

√
f(x)).

y².

∆f(x) =
∑̃
y∼x

[f(y)− f(x)]

=
∑̃
y∼x

[(
√
f(y))2 − 2

√
f(x)f(y) + (

√
f(x))2 + 2

√
f(x)f(y)− 2f(x)]

= 2
√
f(x)̃

∑
y∼x

[
√
f(y)−

√
f(x)] +

∑̃
y∼x

[
√
f(y)−

√
f(x)]2

= 2
√
f(x)∆

√
f(x) + 2Γ(

√
f(x)).

Ún3.4.2 [2] �G ´��k�(½Ã�)ã, 3º:x?, f : V → R ÷
vf(x) > 0, �∆f(x) < 0. @o

(i)̃
∑
y∼x

f(y) < Dµf(x); (ii)̃
∑
y∼x

f 2(y) < DµDωf
2(x).

Ún3.4.3 [2] -G ´��k�(½Ã�)ã, �¼êg, F : V × [0, T ] → R.

�g(x, t) ≥ 0, F (x, t)3(x∗, t∗) ∈ V × [0, T ]?k��ÛÜ���§t∗ 6= 0. @o

L(gF )(x∗, t∗) ≤ L(g)F (x∗, t∗).
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Ún3.4.4 -G ´��k�(½Ã�)ã, ∆�Gþ�Laplace�f. �é¤

k�x ∈ V Út > 0, q = q(x, t) ÷vΓ(q) ≤ η2, ùpη ≥ 0 ´��~ê, @o·

�k

1. 2Γ(
√
u, q
√
u) + 2q

√
u∆
√
u−∆(qu) ≥ −ηu

√
Dµ;

2. q∆u−∆(qu) > −ηu
√
DµDω.

y². dãGþLaplace�f∆ �½Â, ·�k

2Γ(
√
u, q
√
u) + 2q

√
u∆
√
u−∆(qu)

=̃
∑
y∼x

(
√
u(y)−

√
u(x))(q(y)

√
u(y)− q(x)

√
u(x)) + 2q(x)

√
u(x)̃

∑
y∼x

(
√
u(y)−

√
u(x))

−
∑̃
y∼x

(q(y)u(y)− q(x)u(x))

=̃
∑
y∼x

[q(y)u(y)− q(y)
√
u(x)u(y)− q(x)

√
u(x)u(y) + q(x)u(x)]

+
∑̃
y∼x

[2q(x)
√
u(x)u(y)− 2q(x)u(x)]−

∑̃
y∼x

[q(y)u(y)− q(x)u(x)]

=−
∑̃
y∼x

[q(y)− q(x)]
√
u(y)u(x)

≥−
√

Γ(q) ·
√̃∑

y∼x

u(y) ·
√
u(x) (3.15)

≥− ηu
√
Dµ. (3.16)

ùp§Ø�ª(3.14) dCauchy-Schwarz�Ñ, Ø�ª(3.15) dÚn3.4.2�Ñ.
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^Ó���{§·��±y²dÚn¥�1��Ø�ª§Xeµ

q∆u−∆(qu) = q(x)̃
∑
y∼x

[u(y)− u(x)]−
∑̃
y∼x

[q(y)u(y)− q(x)u(x)]

= −̃
∑
y∼x

[q(y)− q(x)]u(y)

≥ −
√̃∑

y∼x

[q(y)− q(x)]2 ·
√̃∑

y∼x

u2(y)

> −
√

Γ(q) ·
√
DµDωu

> −ηu
√
DµDω.

3.4.3 ãããþþþ���Li-Yau ØØØ���ªªª

Äk§·�Ú\�fL = ∆− ∂t. ·��Ì�(ØXeµ

3.4.3.1 UUU???���©©©[2]¥¥¥���Li-Yau ØØØ���ªªª

½n3.4.5 �G ���k�ã, u = u(x, t) ´Gþ9�§(L− q)u = 0��

��). -é¤k�x ∈ V Út ≥ 0, q = q(x, t) ÷vΓ(q) ≤ η2.

1. XJG ÷vCDE(n, 0), @oé¤kt > 0

Γ(
√
u)

u
−

∂
∂t

√
u

√
u
− q

2
≤ n

2t
+

1

2

√
nη
√
DµDω.

2. XJG ÷vCDE(n,−K), K ≥ 0, -0 < α < 1, @oé¤kt > 0

(1− α)Γ(
√
u)

u
−

∂
∂t

√
u

√
u
− q

2
≤ n

2t(1− α)
+

1

2
C ′(α, n,K, η,Dµ, Dω),

ùpC ′(α, n,K, η,Dµ, Dω) =
√

(nK
α

)2 + nη
√
Dµ + n α

1−αη
√
DµDω.

½n3.4.5 �y²�©[2]¥½n4.10 �y²�~aq, ·��I�^Ú

n3.4.4��O©[2]¥�§(4.12), (4.13)�^óª{K¦��/�. ·�3ùpØ

2�ÑäNy²"
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½n3.4.6 �G ���k�£½Ã�¤ã, x0 ∈ V . éu¼êq(x, t) ÷

vΓ(q) ≤ η2, XJd(x, x0) < 2R, R > 0, -u : V × R → R �9�§(L −
q)u(x, t) = 0 ����). XJG ÷vCDE(n,−K), K > 0, @oé¤kt > 0,

3±x0�¥%R��»�¥S, ·�k

(1− α)Γ(
√
u)

u
−

∂
∂t

√
u

√
u
− q

2
≤ n

2t(1− α)
+

2nDµ

R(1− α)
+

1

2
C
′
(α, n,K, η,Dµ, Dω),

ùpC
′
(α, n,K, η,Dµ, Dω) =

√
(nK
α

)2 + nη
√
Dµ + n α

1−αη
√
DµDω.

d½n3.4.5Ú©[2]¥½n4.15�y²g´§·�´y½n3.4.6, 3ùp, ·

�Ø2�Ñy².

53.4.7 (1)3þãü�½ny²¥, dÚn3.4.4, ·��±�.;�^ó

ª{K¦�.

(2)·��±'�½n3.4.5�©[2]¥½n4.10, ½n3.4.6�©[2]¥½n4.15, ´

�
√
nψ
√
DµDω <

√
n(ϑ+ η

√
2Dµ(Dω + 1)), C ′ < C�, Ïd, ·��(J'

©[2]¥�(J�°(.

3.4.3.2 ãããþþþ½½½nnnB���lllÑÑÑ///ªªª

·��½C1¼êc(t) : (0,∞)→ (0,∞), ¿�c(t) ÷ve�^�:

(A1)é?¿t > 0, c(t) ≥ e−2Kt, c′(t) < 0, �limt→0 c(t) = 1;

(A2) é?¿T > 0, C(t) = − c′(t)
c(t)
3«m[0, T ]þëY�È",	, ·�-α(t) =

−
∫ t

0
C(t)dt+ 2Kt+ 1. w,, α(t) > 1.

½n3.4.8 �G�k�ã§u = u(x, t) ´ãGþ9�§(L − q)u(x, t) = 0

��). b�é¤k�x ∈ V Út ≥ 0§q = q(x, t) ÷vΓ(q) ≤ η2. XJ

éK ≥ 0§G ÷vCDE(n,−K), @oé?¿t > 0, ·�k

Γ(
√
u)

u
−α(t)

∂
∂t

√
u

√
u
−α(t)q

2
≤ Dµ − nK + 1

2
+
nC(t)

8
+

1

2C(t)
[η
√
Dµ+(α(t)−1)η

√
DµDω+nK2].

ÏLU?½n3.4.5�y²§·�5y²½n3.4.8. y²�g´5
u©

Ù[18] Ú[19].

y². Äk§-

H = c(t) · [2Γ(
√
u)− α(t)ut
u

− α(t)q]. (3.17)
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dut = ∆u− qu ÚÚn3.4.1, ·��

H = c(t) · 2Γ(
√
u)− α(t)∆u

u
= c(t) · (1− α(t))∆u− 2

√
u∆
√
u

u
.

�½T ,�3«�V×[0, T ]SH3(x∗, t∗)?�����,
�·��±�H(x∗, t∗) >

0§?
§t∗ > 0 �∆
√
u(x∗, t∗) < 0. ±e¤k�O�Ñ@�´3:(x∗, t∗)??

1�. dÚn3.4.3§�H = u, ·��

c(t∗)[(1− α(t∗))q∆u− 2q
√
u∆
√
u] = quH = L(u)H

≥ L(uH)

= −c
′(t∗)uH

c(t∗)
+ c(t∗)[2∆Γ(

√
u)− 4Γ(

√
u,

∂
∂t

(u)

2
√
u

) + α′(t∗)∆u− α(t∗)∆L(u)]

= −c
′(t∗)uH

c(t∗)
+ c(t∗)[4Γ̃2(

√
u) + 2Γ(

√
u, q
√
u)) + α′(t∗)∆u− α(t∗)∆qu].

�nþª§�

0 ≥− c′(t∗)uH

c(t∗)
+ c(t∗)[4Γ̃2(

√
u)]

+ c(t∗)[2Γ(
√
u, q
√
u) + α′(t∗)∆u− α(t∗)∆qu+ (α(t∗)− 1)q∆u+ 2q

√
u∆
√
u]

=− c′(t∗)uH

c(t∗)
+ c(t∗)[4Γ̃2(

√
u) + α′(t∗)∆u]

+ c(t∗)[2Γ(
√
u, q
√
u) + 2q

√
u∆
√
u−∆qu] + c(t∗)(α(t∗)− 1)(q∆u−∆qu)

≥− c′(t∗)uH

c(t∗)
+ c(t∗)[4Γ̃2(

√
u) + α′(t∗)∆u] + c(t∗)[−ηu

√
Dµ − (α(t∗)− 1)ηu

√
DµDω].

(3.18)

�

ϕ =
nc′

2c
+ nK. (3.19)
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d(3.18), (3.19) ¿|^CDE(n,−K)Ø�ª, ·��

0 ≥− c′(t∗)uH

c(t∗)
+ c(t∗)[

4u

n
(
∆u− 2Γ(

√
u)

2u
)2 − 4KΓ(

√
u) + α′(t∗)∆u]

+ c(t∗)[−ηu
√
Dµ − (α(t∗)− 1)ηu

√
DµDω]

≥− c′(t∗)uH

c(t∗)
+ c(t∗)[−2ϕ

n
(∆u− 2Γ(

√
u))− uϕ2

n
− 4KΓ(

√
u) + α′(t∗)∆u]

+ c(t∗)[−ηu
√
Dµ − (α(t∗)− 1)ηu

√
DµDω]

=− c′(t∗)uH

c(t∗)
+ c(t∗)(α′(t∗)− 2ϕ

n
)∆u+ c(t∗)(

4ϕ

n
− 4K)Γ(

√
u)− c(t∗)ϕ2

n
u

+ c(t∗)[−ηu
√
Dµ − (α(t∗)− 1)ηu

√
DµDω]. (3.20)

·��±�y

c(t∗)(α′(t∗)− 2ϕ

n
) = 0; (3.21)

c(t∗)(
4ϕ

n
− 4K) = 2c′(t∗) < 0. (3.22)

,	, dÚn3.4.2, �

Γ(
√
u(x∗, t∗)) =

1

2

∑̃
y∼x∗

(
√
u(y, t∗)−

√
u(x∗, t∗))2 ≤ 1

2

∑̃
y∼x∗

(u(y, t∗) + u(x∗, t∗))

<
Dµ + 1

2
u(x∗, t∗). (3.23)

d(3.20), (3.21), (3.22) Ú(3.23), �

−c
′(t∗)H

c(t∗)
≤ −(Dµ + 1)c′(t∗) + c(t∗)[η

√
Dµ + (α(t∗)− 1)η

√
DµDω] +

c(t∗)ϕ2

n
.

(3.24)

d(3.19) Ú(3.24), �

H ≤ c(t∗)(Dµ−nK+1)+
−nc′(t∗)

4
+
c2(t∗)

−c′(t∗)
[η
√
Dµ+(α(t∗)−1)η

√
DµDω+nK2].

Ï�∂
√
u

∂t
= 1

2
√
u
∂u
∂t
�C(t) = − c′(t)

c(t)
, ·��

Γ(
√
u)

u
− α(t∗)

∂
∂t

√
u

√
u
− α(t∗)q

2
≤Dµ− nK + 1

2
+
nC(t∗)

8

+
1

2C(t∗)
[η
√
Dµ + (α(t∗)− 1)η

√
DµDω + nK2].

(3.25)



1nÙ HARNACK Ø�ªÚéêHARNACK Ø�ª±9§��A^ 41

duT ´?¿�, ·��¤
y².

½n3.4.9 �G �k�(½Ã�) ã§�x0 ∈ V . XJd(x, x0) < 2R

(R > 0)§-u : V × R → R�(L − q)u(x, t) = 0��)§ùpΓ(q) ≤ η2. d	§

XJG ÷vCDE(n,−K)§K > 0, @oé¤kt > 0

Γ(
√
u)

u
− α(t)

∂
∂t

√
u

√
u
− α(t)q

2
≤ −C
C −Dµ

(nK +Dµ + 1) +
2Dµα(t)

R

+
1

C −Dµ

[η
√
Dµ + (α(t)− 1)η

√
DµDω + nK2] +

nC2

4(C −Dµ)
,

ùpC(t) = − c′

c
> Dµ.

y². Äk§·�½Â¼êφ : V → R �

φ(v) =


0 : d(v, x0) > 2R

2R−d(v,x0)
R

: 2R ≥ d(v, x0) ≥ R

1 : R > d(v, x0)

�

G =c(t)φ[
2Γ(
√
u)− α(t)ut
u

− α(t)q]

=c(t)φ[
2Γ(
√
u)− α(t)∆u

u
]

=c(t)φ[
2(1− α(t))Γ(

√
u)− 2α(t)

√
u∆
√
u

u
]

=c(t)φ[
(1− α(t))∆u− 2

√
u∆
√
u

u
]. (3.26)

�½t∗,�3«�V ×{t∗SG3(x∗, t∗)?�����,
�·��±�G(x∗, t∗) >

0§?
§t∗ > 0 �∆
√
u(x∗, t∗) < 0. ±e¤k�O�Ñ@�´3:(x∗, t∗)??

1�. ·��Äe¡ü«�¹µ

�/(a). φ(x∗) = 1
R

, ½=d(v, x0) = 2R− 1. ·�k

G(x∗, t∗) =c(t∗)φ[
2(1− α(t∗))Γ(

√
u)− 2α(t)

√
u∆
√
u

u
(x∗, t∗)]

≤2α(t∗)c(t∗)φ
−∆
√
u(x∗, t∗)√

u(x∗, t∗)
.
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d[2], �−∆
√
u(x∗,t∗)√

u(x∗,t∗)
< Dµ, Ïd§·�k

G(x, T ) ≤ G(x∗, t∗) ≤ 2Dµα(t∗)c(t∗)

R
≤ 2Dµα(T )c(T )

R
≤ 2Dµα(T )

R
.

�/(b). φ(x∗) = s
R

, ùps ≥ 2, =d(v, x0) = 2R − s. ±e¤k�O�Ñ@�´
3:(x∗, t∗)??1�. dÚn3.4.3, -F = u

φ
, ·�k

L(
u

φ
)G ≥ L(

uG

φ
) = L(uH),

ùpH ½ÂX(3.17).

L(uH) =− c′(t∗)uH

c(t∗)
+ c(t∗)[(2∆Γ(

√
u)− 4Γ(

√
u,

∂
∂t

(u)

2
√
u

) + α′(t)∆u− α(t)∆L(u))].

,��¡, �φ(x∗) = s
R
�, ·�k

L(
u

φ
) =̃
∑
y∼x

(
u(y, t)

φ(y)
− u(x, t)

φ(x)
)− ∂

∂t
(
u(x, t)

φ(x)
)

=̃
∑
y∼x

(
u(y, t)

φ(y)
− u(x, t)

φ(x)
)− 1

φ(x)
(∆u− qu)

=̃
∑
y∼x

(
u(y, t)

φ(y)
− u(x, t)

φ(x)
)− 1

φ(x)

∑̃
y∼x

(u(y, t)− u(x, t)) +
qu

φ(x)

=̃
∑
y∼x

(
1

φ(y)
− 1

φ(x)
)u(y, t) +

qu

φ(x)

≤̃
∑
y∼x

| 1

φ(y)
− 1

φ(x)
| u(y, t) +

qu

φ(x)
. (3.27)

�φ(x∗) = s
R
�, é?¿y ∼ x∗, ·�kφ(y) = s±1

R
or φ(y) = s

R
. o�§·�

k| 1
φ(y)
− 1

φ(x)
|≤ R

s(s−1)
≤ 1

φ(x∗)
. dÚn3.4.2 , ·�k

L(
u

φ
)G ≤Dµu(x, t)G

φ
+
quG

φ

=
Dµu(x, t)G

φ
+ β[(1− α(t))q∆u− 2q

√
u∆
√
u]. (3.28)
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�ϕ = nc′

2c
+ nK, |^CDE(n,−K) Ø�ª, �

0 ≥− c′(t∗)uG

c(t∗)φ
− DµuG

φ
+ c(t)[4Γ̃2(

√
u) + α′(t)∆u]

+ c(t)[2Γ(
√
u, q
√
u) + 2q

√
u∆
√
u−∆qu] + β(α(t∗)− 1)(q∆u−∆qu)

≥(−c
′

c
−Dµ) · uG

η
+ c′(Dµ + 1)u+ c[−ηu

√
Dµ − (α(t∗)− 1)ηu

√
DµDω]− cϕ2

n
u.

(3.29)

�nþª§�

(−c′ − cDµ)[
2Γ(
√
u)− α(t)ut
u

− α(t)q]

≤ c′(nK +Dµ + 1) + c[η
√
Dµ + (α(t)− 1)η

√
DµDω + nK2] +

nc′2

4c
. (3.30)

ùpC(t) = − c′

c
> Dµ. ·�k

Γ(
√
u)

u
− α(t)

∂
∂t

√
u

√
u
− α(t)q

2
≤ −C
C −Dµ

(nK +Dµ + 1) +
2Dµα(t)

R

+
1

C −Dµ

[η
√
Dµ + (α(t)− 1)η

√
DµDω + nK2] +

nC2

4(C −Dµ)
.

·�ke�½Âµ

½Â3.4.10 -(G, V ) L«��ã§÷vCDE(n,−K)Ø�ª§ùpK ≥
0. ·�¡φ : V → [0, 1] ´��±x0 ∈ V�¥%(c, R)-r�ä¼ê§XJ38

ÜS ⊂ Vþφ(x0) = 1, 3x∈̄Sþφ(x) = 0§�é?¿x ∈ S

1. ½öφ(x) < m(1+R
√
K)

2R2 ,

2. ½öφ3v����S�3�φ2(x)∆ 1
φ
(x) ≤ Dµ

m(1+R
√
K)

R2 and φ3(x)Γ( 1
φ
)(x) ≤

Dµ
m
R2 ,

ùpm = m(n) =�nk'.

·�ke¡½nµ
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½n3.4.11 �G(V,E) �÷vCDE(n,−K)Ø�ª�ã§ùpK ≥ 0.

-R > 0 ��½x0 ∈ V . �G38ÜS ⊂ Vþk��±x0�¥%�(c, R)-r�ä

¼ê"XJx ∈ S, q(x, t)÷vΓ(q) ≤ η2,-u : V ×R→ R�(L−q)u(x, t) = 0�

�). @o§é¤kt > 0, ·�k

Γ(
√
u)

u
− α(t)

∂
∂t

√
u

√
u
− α(t)q

2
≤ C

C − A
(Dµ − nK + 1) +

m(1 +R
√
K)Dµα(T )

R2

+
1

C − A
[η
√
Dµ + (α(t)− 1)η

√
DµDω + nK2] +

nC2

4(C − A)
,

ùpA = Dµ
m(1+R

√
K)

R2 + (1 +Dω)
√

1 +Dµ

√
2Dµ

m
R2 , C(t) = − c′

c
> A.

y². ·��

G =c(t)φ[
2Γ(
√
u)− α(t)ut
u

− α(t)q]

=c(t)φ[
2Γ(
√
u)− α(t)∆u

u
]

=c(t)φ[
2(1− α(t))Γ(

√
u)− 2α(t)

√
u∆
√
u

u
]. (3.31)

�½t∗,�3«�V ×{t∗SG3(x∗, t∗)?�����,
�·��±�G(x∗, t∗) >

0§?
§t∗ > 0 �∆
√
u(x∗, t∗) < 0. ±e¤k�O�Ñ@�´3:(x∗, t∗)??

1�. ·��Äe¡ü«�¹µ

�/(a). φ(x∗) < m(1+R
√
K)

2R2 . ·�k

G(x∗, t∗) =c(t∗)φ[
2(1− α(t∗))Γ(

√
u)− 2α(t)

√
u∆
√
u

u
(x∗, t∗)]

≤2α(t∗)c(t∗)φ
−∆
√
u(x∗, t∗)√

u(x∗, t∗)

<
m(1 +R

√
K)Dµα(T )

R2
. (3.32)

�/(b).½Â3.4.10�1�^¤á. ±e¤k�O�Ñ@�´3:(x∗, t∗)??1

�. d½n3.4.9�y², ·��

L(
u

φ
)G ≥ −c

′

c
· uG
φ

+ c[2∆Γ(
√
u)− 4Γ(

√
u,

∂
∂t

(u)

2
√
u

) + α′(t)∆u− α(t)∆L(u)].

(3.33)
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,��¡, d[2]¥�§(4.23)§�

L(
u

φ
) ≤ qu

φ
+ u∆

1

φ
+ 2

√
Γ(

1

φ
) ·
√

Γ(u). (3.34)

d(3.33) Ú(3.34), �

c[(1− α(t))q∆u− 2q
√
u∆
√
u] + uG∆

1

φ
+ 2G

√
Γ(

1

φ
) ·
√

Γ(u)

≥ −c
′

c
· uG
φ

+ c[2∆Γ(
√
u)− 4Γ(

√
u,

∂
∂t

(u)

2
√
u

) + α′(t)∆u− α(t)∆L(u)]. (3.35)

�nþª§�

c′

c
· uG
φ

+ uG∆
1

φ
+ 2G

√
Γ(

1

φ
) ·
√

Γ(u)

≥ c[4Γ̃2(
√
u) + α′(t)∆u]

+ c[2Γ(
√
u, q
√
u) + 2q

√
u∆
√
u−∆qu] + β(α(t∗)− 1)(q∆u−∆qu)

≥ c′(Dµ + 1)u+ c[−ηu
√
Dµ − (α(t∗)− 1)ηu

√
DµDω]− cϕ2

n
u. (3.36)

^ cφ2

u
�¦þª, d[2]¥�§(4.25), (4.26), ·��

c′φG+ cGφ2∆
1

φ
+ βG

√
2φ3Γ(

1

φ
) ·
√
φ

2Γ(u)

u2

≤ c′φG+ cGDµ
m(1 +R

√
K)

R2
+ cG(1 +Dω)

√
2Dµ

m

R2
·
√
φ

2Γ(
√
u)

u

≤ c′G+ cGDµ
m(1 +R

√
K)

R2
+ cG(1 +Dω)

√
1 +Dµ

√
2Dµ

m

R2

= (c′ + cA)G, (3.37)

ùpA = Dµ
m(1+R

√
K)

R2 + (1 +Dω)
√

1 +Dµ

√
2Dµ

m
R2 .

�C(t) = − c′

c
> A�, d(3.36), (3.37)Ú(3.32), ·�k

Γ(
√
u)

u
− α(t)

∂
∂t

√
u

√
u
− α(t)q

2
≤ C

C − A
(Dµ − nK + 1) +

m(1 +R
√
K)Dµα(T )

R2

+
1

C − A
[η
√
Dµ + (α(t)− 1)η

√
DµDω + nK2] +

nC2

4(C − A)
.



46 ãÚ�ã�Ì9ÄuÌ�»��ã©aïÄ

~3.4.12 d½n3.4.8 ,½n3.4.9Ú½n3.4.11,�â÷v^�(A1)Ú(A2)�

ØÓ�c(t)§·��Ñ�
~f"

(1) �c(t) = e−Kt. d½n3.4.8 , ·��

Γ(
√
u)

u
− (1 +Kt)(

∂
∂t

√
u

√
u
− q

2
) ≤ C1 + C2t, (3.38)

ùpC1 = Dµ+1

2
+ nK

8
+

η
√
Dµ

2K
, C2 =

η
√
DµDω

2
. d½n3.4.9 Ú½n3.4.11, ·�

E,�±��Ø�ª(3.38)§�ùpC1ÚC2kCz.

(2) �c(t) = esinh−1(Kt), ´�c′(t) < 0, C(t) = K sinh−2(Kt) cosh(Kt). d½

n3.4.8 , ·��

Γ(
√
u)

u
− (1 + 2Kt+ sinh−1(Kt))(

∂
∂t

√
u

√
u
− q

2
)

≤ Dµ + 1

2
+ (

coth(Kt)csch(Kt)

8
+

tanh(Kt)sech(Kt)

2
− 1)nK

+
tanh(Kt)sech(Kt)

2K
[η
√
Dµ + (2Kt+ sinh−1(Kt))η

√
DµDω].

d½n3.4.9 Ú½n3.4.11, ·���aq(J.

3.4.4 Harnack ØØØ���ªªª���AAA���������OOO

Äk§ò©[18]¥Ún5.1 Ú©[2]¥Ún5.3�y²(Ü3�¬§·���

e�Únµ

Ún3.4.13 é?¿α(t) > 0 Ú¼êχ, q1, q2 : [T1, T2]→ R, ·�k

min
s∈[T1,T2]

χ(s)− 1

α(t)

∫ T2

s

χ2(t)dt+

∫ s

T1

q1(t)dt+

∫ T2

s

q2(t)dt

≤
2
∫ T2
T1
ds
∫ s
T1
α(u)du

(T2 − T1)3
+

∫ T2

T1

[q2(t)

∫ t

T1

φ(s)ds+ q1(t)

∫ T2

t

φ(s)ds]dt,

ùpφ(s) = 2
∫ s
T1

1
α(t)

dt.

dþãÚn, ��â©[18]¥½n5.2Ú©[2]¥½n5.1�y²§·��e

¡HarnackØ�ªµ

½n3.4.14 �G = (V,E) ���ã, éux0 ∈ V , �x ∈ B(x0, R), R ≥ 0,

¼êα(t) > 1, χ, kf : V × R→ R ÷v

Γ(f)

f 2
(x, t)− α(t)

∂
∂t
f

f
(x, t)− α(t)q(x, t) ≤ χ(t).
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@o, éuT1 < T2 �x, y ∈ V , ·�k

f(x, T1) ≤ f(y, T2) · exp(

∫ T2

T1

χ(t)

α(t)
dt) + %q,x0,R,µmax,ωmin

(x1, x2, T1, T2),

ùp

%q,x0,R,µmax,ωmin
(x1, x2, T1, T2) = inf{

k−1∑
i=0

4µmaxk
3

ωmin(T2 − T1)3

∫ ti+1

ti

ds

∫ s

ti

α(u)du

+
k−1∑
i=0

(

∫ ti+1

ti

[q(xi+1, t)

∫ t

ti

φ(s)ds+ q(xi, t)

∫ ti+1

t

φ(s)ds]dt)}.

dþãHarnackØ�ª§(Ü©[2]¥7.2Ü©§·���k�ãGþ���

A�����þ.�O"

½n3.4.15 �G = (V,E) ���k�ã§÷vCDE(n,−K)Ø�ª§

�K > 0. -0 < α < 1, ·�k

λ1 ≤ max{C
√
Kh,C2h2},

ùpC=�nÚµmaxk'"
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X1�ÙXØ¤ã§Smith�<�âÌ�»®²é��ã?1
©a"

3ù�Ù§·�ò�âØÓ�Ì�»é�ã?1©a"·�¤^��{

�Smith�<��{ØÓ§X1�Ù¥¤ã§Ì�´|^α-�5, α-g�5,

α-��5�nØ±9MATLAB!MAPLE §Sé�ã?1©a§¿�·��

�{E,�±)ûSmith�<é��ã©a�¯K
���Ó�(J§�·�

��{�\{'!(¹"

4.1 éééÌÌÌ���»»»���õõõ���2������ããã���������©©©aaaïïïÄÄÄ

4.1.1 ÚÚÚnnn

-ρr := (r− 1)! r
√

4. ·�Äk�±y²ρr´�^Ã�´»A
(r)
n �Ì�»�4

�:"

Ún4.1.1 �A(r)
n ´�^kn^>�r-���ã´»§ÙÌ�»�ρ(A

(r)
n )§

-ρr = (r − 1)! r
√

4. @o§éu?¿�r ≥ 2, ·�klimn→∞ ρ(A
(r)
n ) = ρr.

y². ·�Äky²ρ(A
(r)
n ) < ρr. éA

(r)
n ?1IÒXeµ

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2
· · ·

A
(r)
n

1
2

1
2

1
2

1
2

1
2u1 u2

·�N´�yù´��î��1
4
-g�5IÒ§¤±§ρ(A

(r)
n ) < ρr. ,��¡§

d3(??)¥ρ(H)�½Â§À�

x∗v =

1 v ´�!:, v 6= u1, u2;

y Ù§

ùpy = r

√
2n
n+1

, ·�kρ(A
(r)
n ) ≥ PH(x∗)

‖x∗‖r = r!n·y2
n(r−2)+(n+1)yr

= (1 + 2
n

+ 1
n2 )−

1
r ρr. Ï

d, (1 + 2
n

+ 1
n2 )−

1
r ρr ≤ ρ(A

(r)
n ) < ρr. �n→∞�, klimn→∞ ρ(A

(r)
n ) = ρr.
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,	§·��ÄXe2-x�Vg"dÚn2.2.8, ��=�H´��1
4
-�5

�§H �Ì�»�ρr = (r − 1)! r
√

4. 3�¡��!¥§·�=�Äα = 1
4
. X

Je�Ð�¹ü���!:§�H − e´�ëÏ�§·�¡e´H���2-x"

-uv´H�2-xe�ü���!:§íØ>e�ruÚvÜ���!:§dd��

��#��ã§·�¡ù�L§�Ø §H�H/e3:w�*Ü"�ãH ′3

!:w?�3��*Ü��=�w´H ′����!:§½=§H = H1 ∪ H2

�H1 ∩H2 = {w}.

u e vH1 H2

H

wH1 H2

H/e

·�ke¡�Únµ

Ún4.1.2 -H ´��r-���ã. bXH k��2-xe§@o·�k

1. XJρ(H/e) > ρr,@oρ(H) > ρr.

2. XJρ(H/e) = ρr, @oρ(H) ≥ ρr. �Ò¤á��=�éH/e�?¿��
1
4
-

�5\�'éÝ
B,3w:k
∑

e′∈E(H1) B(w, e′) = 1
2

=
∑

e′∈E(H2) B(w, e′).

y². -B�H/e���α-�5\�'éÝ
§α = ((r − 1)!/ρ(H/e))r. -

x :=
∑

e′∈E(H1)

B(w, e′), y :=
∑

e′∈E(H2)

B(w, e′) = 1− x.

éu>e�?¿�!:z§ÏL½ÂB(u, e) = y, B(v, e) = x, B(z, e) = 1, ·�r

\�Ý
B*Ð�H�\�Ý
XJρ(H/e) > ρr, @oα <
1
4
. du

xy ≤ (x+ y)2

4
=

1

4
,

ÏdB ´1
4
-��5�. duH ÚH/e äk�Ó��§B E,´���. Ïd,

ρ(H) > ρr. XJρ(H/e) = ρr, @oα = 1
4
. XJx = y = 1

2
, @oB ´��1

4
-�5

�. Ïd, ρ(H) = ρr.

XJ(x, y) 6= (1
2
, 1

2
), @o

xy <
(x+ y)2

4
=

1

4
,

¤±B ´1
4
-��5�. Ïd, ρ(H) > ρr.



1oÙ ÄuÌ�»��ã©aïÄ 51

4.1.2 3-���������ããã

ù�!§·�éÌ�»�õ�ρ3 := 2 3
√

4�3-���ã?1©a§·��(

JXeµ

½n4.1.3 -ρ3 = 2 3
√

4. XJ��ëÏ�3-���ãH�Ì�»�uρ3,

@oH�½´e��ã��«µ

1. C
(3)
n : kn(n ≥ 3)^>�{ü�.

· · ·

C
(3)
n

2. D̃
(3)
n ( n ≥ 5), Ù¥n´>�ê8.

· · ·

D̃
(3)
n

3. B̃
(3)
n (n ≥ 8), Ù¥n´>�ê8.

· · ·

B̃
(3)
n

4. B̃D
(3)

n ( n ≥ 6), Ù¥n´>�ê8.

· · ·

B̃D
(3)

n



52 ãÚ�ã�Ì9ÄuÌ�»��ã©aïÄ

5. Ù§12�3-���ã(k�ã): C
(3)
2 , S

(3)
4 , Ẽ

(3)
6 , Ẽ

(3)
7 , Ẽ

(3)
8 , F

(3)
2,3,4, F

(3)
2,2,7,

F
(3)
1,5,6, F

(3)
1,4,8, F

(3)
1,3,14, G

(3)
1,1:0:1,4, ÚG(3)

1,1:6:1,3. (�ã4.1.)

Ẽ
(3)
6 Ẽ

(3)
7 Ẽ

(3)
8

F
(3)
2,3,4 F

(3)
2,2,7

C
(3)
2

F
(3)
1,5,6

S
(3)
4

F
(3)
1,4,8

F
(3)
1,3,14

G
(3)
1,1:0:1,4 G

(3)
1,1:6:1,3

ã 4.1: Twelve exceptional 3-uniform hypergraphs of spectral radius 2 3
√

4.

·�-E
(3)
i,j,kL«dë�3Ó�!:þ�n^�Ý©O�i, j, k�´»

�¤�3-���ã"�
ÎÒ��5§·�-: E
(3)
6 = E

(3)
1,2,2, E

(3)
7 = E

(3)
1,2,3,

E
(3)
8 = E

(3)
1,2,4, Ẽ

(3)
6 = E

(3)
2,2,2, Ẽ

(3)
7 = E

(3)
1,3,3, Ẽ

(3)
8 = E

(3)
1,2,5, D

(3)
n = E

(3)
1,1,n−2.
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E
(3)
i,j,k

↓
i

←j →
k

·�-F
(3)
i,j,kL«dë�3�^>z�º:þ��Ý©O©i, j, k�´»�

¤�3-���ã"·�-D′(3)
n = F

(3)
1,1,n−3, B

(3)
n = F

(3)
1,2,n−4.

F
(3)
i,j,k

↑i

←j →
k

·�-G
(3)
i,j:k:l,mL«ë�3äkk + 2^>´»�4�à:�©Oäk�Ýi, j, l,

m�´»�¤�3-���ã§Xeµ

i↑

←j →
k

l↑

←
k

→m
G

(3)
i,j:k:l,m

·�-: B′(3)
n = G

(3)
1,1:(n−6):1,1, B̄

(3)
n = G

(3)
1,1:(n−7):1,2, B̃

(3)
n = G

(3)
1,2:(n−8):1,2. ´�§

½n4.1.3¥¤��ã�ýfã�Ì�»�uρ3, �¿Ø´¤kÌ�»�uρ3 �

�ãÑ5
ud"e¡´éÌ�»�uρ3��ã���©a"

½n4.1.4 -ρ3 = 2 3
√

4. XJ3-���ãH�Ì�»�uρ3, @oH´e

��ã¥��«:

1. A
(3)
n (n ≥ 1): äkn^>�´».

...
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2. D
(3)
n (n ≥ 3): Ù¥n´>�ê8.

...

3. D′(3)
n ( n ≥ 4): Ù¥n´>�ê8.

...

4. B
(3)
n ( n ≥ 5), Ù¥n´>�ê8.

...

5. B′(3)
n ( n ≥ 6), Ù¥n´>�ê8.

...

6. B̄
(3)
n ( n ≥ 7), Ù¥n´>�ê8.

...

7. BD
(3)
n ( n ≥ 5), Ù¥n´>�ê8.

...
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8. Ù§31�3-���ã(k�ã): E
(3)
6 , E

(3)
7 , E

(3)
8 , F

(3)
2,3,3, F

(3)
2,2,k ( 2 ≤ k ≤ 6),

F
(3)
1,3,k (3 ≤ k ≤ 13), F

(3)
1,4,k ( 4 ≤ k ≤ 7), F

(3)
1,5,5, ÚG(3)

1,1:k:1,3 ( 0 ≤ k ≤ 5).

½n4.1.3 Ú4.1.4�y²:

·�Äky²½n4.1.3¥¤�3-���ã�Ì�»�uρ3. ·�éù
�

ã?1IÒ§é!:v3>e(v ∈ e)���IþB(v, e), XJ!:v´�!:§I

Òð�1§·�íØù��IÒ"

· · ·

C
(3)
n

é¤k��!:IÒð�1
2

1
21
2

1
4

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2
· · ·1

4

D̃
(3)
n

1
4

1
4

1
2

1
2

· · ·

B̃
(3)
n

1
4

3
4

1
3

2
3

1
2

3
4

1
4

1
2

1
2

1
2

1
2

1
2

1
2

1
2

2
3

3
4

1
3

1
4

3
4

1
4

· · ·

B̃D
(3)

n

1
4

1
21

4

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

2
3

3
4

1
2

1
3

1
4

3
4

1
4

Ẽ
(3)
6

1
4

1
3

3
4

3
4

1
3

1
41

33
41

4 Ẽ
(3)
7

1
4

1
3

3
8

2
3

3
4

3
4

2
3

3
8

1
3

1
41

4
Ẽ

(3)
8

3
4

5
12

2
5

3
8

1
3

1
4

1
4

1
3

3
5

5
8

2
3

3
41

4

F
(3)
2,3,4

1
4

1
3

3
8

3
5

5
8

2
3

3
4

3
4

2
3

5
8

2
5

3
8

1
3

1
4

1
4 3

4 1
32

3

F
(3)
2,2,7

1
4

1
3

9
16

4
7

7
12

3
5

5
8

2
3

3
4

3
4

2
3

7
16

3
7

5
12

2
5

3
8

1
3

1
4

1
4 3

4
1
32

3

1
2

1
2

1
2

1
2
C

(3)
2

F
(3)
1,5,6

1
4

1
3

3
8

2
5

5
12

4
7

7
12

3
5

5
8

2
3

3
4

3
4

2
3

5
8

3
5

7
12

3
7

5
12

2
5

3
8

1
3

1
4

1
43
4
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S
(3)
4

1
4

1
41

41
4 F

(3)
1,4,8

1
4

1
3

3
8

2
5

5
9

9
16

4
7

7
12

3
5

5
8

2
3

3
4

3
4

2
3

5
8

3
5

4
9

7
16

3
7

5
12

2
5

3
8

1
3

1
4

1
43
4

F
(3)
1,3,14

1
4

1
3

3
8

8
15

15
28

7
13

13
24

6
11

11
20

3
4

2
3

5
8

7
15

13
28

6
13

11
24

5
11

9
20

5
9

9
16

4
7

7
12

3
5

5
8

2
3

3
4

4
9

7
16

3
7

5
12

2
5

3
8

1
3

1
4

1
43
4

G
(3)
1,1:0:1,4

1
4

4
9

3
5

5
8

2
3

3
4

3
4

5
9

2
5

3
8

1
3

1
4

1
43
4

1
43
4

G
(3)
1,1:6:1,3

1
4

4
9

3
4

1
4

1
3

3
8

8
15

15
28

7
13

13
24

6
11

11
20

5
9

3
4

2
3

5
8

7
15

13
28

6
13

11
24

5
11

9
20

1
43
4

1
43
4

ÏLIÒ§·���½n4.1.3¥¤��ãÑ´��1
4
-�5�§Ïdù
�ã�

Ì�»Ñ�uρ3. ·�5¿�§½n4.1.4¥��ãØ
G
(3)
1,1:k:1,3 ( 0 ≤ k ≤ 5)	§

Ñ´½n4.1.3¥¤�Ü©�ã�ýfã"dÚn2.2.3, ù
�ã�Ì�»�

uρ3. Ï�ρ(G
(3)
1,1:6:1,3) = ρ3§éuk ∈ {0, 1, 2, 3, 4, 5}, XJρ(G

(3)
1,1:k:1,3) ≥ ρ3 @o

dÚn4.1.2, ρ(G
(3)
1,1:6:1,3) ≥ ρ3, 3ρ(G

(3)
1,1:6:1,3)¥�Ü©IÒAT�1

2
§�ù�·�

�IÒØÎ, ¤±§éuk ∈ {0, 1, 2, 3, 4, 5}, ρ(G
(3)
1,1:k:1,3) < ρ3.

y3·�y²½n4.1.3Ú4.1.4¥�3-���ã´éÌ�»�õ�ρ3��ã

���©a"bXH´Ì�»ρ(H) ≤ ρ3�3-���ã§·�kXe�/µ

�/ 1. XJC
(3)
2 ´H�ýfã, kÚn2.2.3, ρ(H) > ρ(C

(3)
2 ) = ρ3. XJH =

C
(3)
2 , @oρ(H) = ρ3, C

(3)
2 ®²3½n4.1.3��L¥. ¤±, XJH 6= C

(3)
2 , ·�

�±@�H´��{ü�ã.

�/ 2. XJH �¹���, @oH �¹C
(3)
n ( n ≥ 3). dÚn2.2.3, ρ(H) ≥

ρ(C
(3)
n ) = ρ3. �Ò��=�H = C

(3)
n �¤á, H = C

(3)
n ®²3½n4.1.3��L

¥. ¤±, XJH 6= C
(3)
n , ·��±@�H ´���ä.

�/ 3. XJk��!:v �Ýdv ≥ 4, @oH �¹S
(3)
4 . dÚn2.2.3, ρ(H) ≥

ρ(S
(3)
4 ) = ρ3. �H = S

(3)
4 ��Ò¤á, S

(3)
4 ®²3½n4.1.3��L¥. Ïd§·

��±@�H¥z�!:�Ý�õ�3.
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�/ 4. XJ�3ü�!:u Úv ¦�du = dv = 3, @oH �¹D̃
(3)
n . dÚ

n2.2.3, ρ(H) ≥ ρ(D̃
(3)
n ) = ρ3. �H = D̃

(3)
n ��Ò¤á, �H = D̃

(3)
n ®²3½

n4.1.3��L¥. Ïd§·��±@�H¥�õk��!:�Ý�3.

�/ 5. b�v´����Ýê�3 �!:§Ù§!:�Ý�õ�2. ·��Äë

�!:v�3�©|Xeµ

1. XJz�©|��kü^>§@oH �¹Ẽ
(3)
6 . dÚn2.2.3, ρ(H) ≥

ρ(Ẽ
(3)
6 ) = ρ3. �H = Ẽ

(3)
6 ��Ò¤á, �Ẽ

(3)
6 ®²3½n4.1.3��L¥"

Ïd§·��±b�1��©|=¹k�^>"

2. XJ>eØ¹k�!:§@o¡>e�©|>"XJ1��©|��¹k

ü^>§1n�©|�¹��©|>§@oH�¹��fãG′, ù�fã

�± ~�G§Xeµ

1
4

3
4

1
4 3

44
9

2
3

1
4

3
41

4

G �1
4
-��5IÒ

Ï�3G�¥Ü!:�IÒ�Ú�4
9

+ 1
3

+ 1
4
> 1, ¤±G ´î���5�

�ρ(G) > ρ3. dÚn2.2.3 Ú4.1.2, ·�kρ(H) > ρ(G′) > ρ3. gñ!

3. 1��©|Ú1��©|©Oäk�^>§1n�©|���¹�^©

|>"Ï�ρ(B̃D
(3)

n ) = ρ3, H ØU�¹B̃D
(3)

n ��fã"Ïd���U

��ã´B̃D
(3)

n ÚBD
(3)
n , ùü��ã©O3½n4.1.3 Ú½n4.1.4��L

¥"

4. 3H¥Ø�3©|>. -i, j, k (i ≤ j ≤ k) ©OL«!:v�3�©|�

�Ý§d�§ù�ã/^E
(3)
i,j,kL«. ·�®²ïÄ
i = 1��¹. 5¿

�E
(3)
1,3,3 = Ẽ

(3)
7 ÚE

(3)
1,2,5 = Ẽ

(3)
8 ®²3½n4.1.3��L¥§¤±(j, k) =

Uke��ÀJ: (2, 5), (2, 4), (3, 3), (2, 3), (2, 2) and (1, k), k ≥ 1. éA�

�ã©O´Ẽ
(3)
8 , E

(3)
8 , Ẽ

(3)
7 , E

(3)
7 , E

(3)
6 , ÚD

(3)
n . ù
�ãÑ3½n4.1.3

Úrefcct1��L¥"
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�/ 6. y3·��±b��ãH�!:�Ý�õ�2. �â©|>�ê8§·

�ke��/µ

1. XJH Ø¹k©|>, @oH ´�^´», ½=H = An, An®²3½

n4.1.4��L¥.

2. XJH =k�^©|>, @oH = F
(3)
i,j,k. ·�Äky²ρ(F

(3)
3,3,3) > ρ3.

éF
(3)
3,3,3IÒXe:

1
4

1
3

3
8

3
4

2
3

5
8

dé¡5§·�=é�|?1IÒ"Ï�3¥Ü�>§IÒ¦È�(5
8
)3 <

1
4
§¤±§ù´��1

4
-��5IÒ§Ïd§dÚn2.2.13, ρ(F

(3)
3,3,3) > ρ3§

?
H ØU�¹F
(3)
3,3,3. dui ≤ j ≤ k, ·�ki = 1 or 2.

�i = 2 �j = 3�, duρ(F
(3)
2,3,4) = ρ3, =kü��ãF

(3)
2,3,3 ÚF

(3)
2,3,4ÎÜ�

¦.

�i = 2 �j = 2�, duρ(F
(3)
2,2,7) = ρ3, ·�k2 ≤ k ≤ 7.

�i = 1�, duρ(F
(3)
1,5,6) = ρ3, ·�kj ≤ 5. �j = 5�, ·�kü��

ãF
(3)
1,5,5 and F

(3)
1,5,6ÎÜ�¦. �j = 4�, duρ(F

(3)
1,4,8) = ρ3, ·�k5��ã

ÎÜ�¦: F
(3)
1,4,k ( 4 ≤ k ≤ 8). �j = 3�, duρ(F

(3)
1,3,14) = ρ3, ·�k12

��ãÎÜ�¦: F
(3)
1,3,k for 3 ≤ k ≤ 14. �j = 2�, k �?¿��ê½

�, ·���a�ãB
(3)
n . �j = 1�, k �?¿��ê½�, ·���a�

ãD′(3)
n .

¤kù
�ãÑ3½n4.1.3 ½½n4.1.4��L¥.

3. XJH�Ð�¹ü^©|>§@oH = G
(3)
i,j:k:l,m (i ≤ j, l ≤ m).

XJi + j ≥ 3 �l + m ≥ 3, @oH �¹G
(3)
1,2:k:1,2 = B̃

(3)
k+8. duB̃

(3)
n �Ì�

»�uρ3, ¤±H =�B̃
(3)
n .
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�{��¹§·�-i = j = 1. ·�Äky²ρ(G
(3)
1,1:0:2,2) > ρ3§IÒX

eµ

G
(3)
1,1:0:2,2�

1
4
-��5IÒ

1
4

4
9

2
3

3
4

1
4

3
4

5
9

1
3

1
4 3

4

1
3 2

3

1
43

4

duG
(3)
1,1:k:2,2�±dG

(3)
1,1:0:2,2*Ðkg��"dÚn4.1.2,·��ρ(G

(3)
1,1:k:2,2) >

ρ3 ( k ≥ 1). Ïd§·�kl = 1. duρ(G
(3)
1,1:0:1,4) = ρ3, dÚn4.1.2,

�ρ(G
(3)
1,1:k:1,4) > ρ3 (k ≥ 1). �m ≥ 5�§vk�ãÎÜ�¦"

�m = 4�, ·��G
(3)
1,1:0:1,4.

�m = 3�, duρ(G
(3)
1,1:6:1,3) = ρ3, dÚn4.1.2, ·���7 ��ã:

ρ(G
(3)
1,1:k:1,3) (0 ≤ k ≤ 6).

�m = 2�, k ��?¿�K�ê§·����a�ãB̄
(3)
n .

�m = 1�, k ��?¿�K�ê§·����a�ãB′(3)
n .

¤kù
�ãÑ3½n4.1.3 ½½n4.1.4��L¥"

4. H ���¹3�©|>"Ï�¤k!:�Ý�õ�2, ¤±z�©|>23

�^´»þ. Ïd, H �¹fãM ′ Xe"ò¥më�©|>�¤k>�

K§·��M . ·�éM IÒXeµ

· · · · · ·

a subgraph M ′
after contraction: M

1
4

3
4

4
9

5
9

1
4

3
4

4
9

5
9

1
4
3
4

1
4
3
4

1
4
3
4

3þãIÒ¥§¥m>�IÒ¦È�5
9
· 5

9
· 3

4
= 25

108
< 1

4
. ù´��1

4
-��

5IÒ. Ïd, ρ(M) > ρ3. dÚn4.1.2, �ρ(M ′) > ρ3. Ïd, dÚn2.2.3§

�ρ(H) > ρ(M) > ρ3. gñ.

nþ, Ì�»�uρ3��ãÑ3½n4.1.3��L¥, Ì�»�uρ3��ãÑ

3½n4.1.4��L¥"
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4.1.3 r-���������ããã

é?¿��êr ≥ 2, -ρr := (r − 1)! r
√

4. 3ù�!§·�é¤kr ≥ 4�Ì

�»�õ�ρr�r-���ã?1©a"XJ�ãH = (V,E)�z^>�¹��

���!:§·�¡H´���"3ù«�¹e§ÏLò!:vel>e¥�K§

·��±½ÂNõ(r − 1)-���ãH ′ = (V ′, E ′)§½=§V ′ = V \ {ve : e ∈ E}
�E ′ = {e−ve : e ∈ E}. ·�`H ′ ´dH ~��
H ´dH ′*Ð��. ´�§

éu?¿α-�5'éÝ
B, XJ>ek���!:ve§@oB(ve, e) = 1. ·�

ke¡�Únµ

Ún4.1.5 XJH ´dH ′*Ð��§@oH´��α-�5���=

�H ′´��α-�5�(éuÓ��α)"

íØ4.1.6 XJH ´dH ′*Ð��§@oρ(H) = ρr (½ρ(H) < ρr)��

=�ρ(H ′) = ρr−1 (½ρ(H ′) < ρr−1).

éuÌ�»�õ�ρr�r-���ã§·�¦þ^���ã�Ó�ÎÒ5L

«"éu��ã§dSmith�nØ§Ì�»�u2�ãkAn, Dn, E6, E7, E8; Ì�

»�u2�ãkCn = (Ãn), D̃n, Ẽ6, Ẽ7,ÚẼ8. éur ≥ 3,-A
(r)
n , D

(r)
n , E

(r)
6 , E

(r)
7 , E

(r)
8 ,

C
(r)
n , D̃

(r)
n , Ẽ

(r)
6 , Ẽ

(r)
7 , ÚẼ

(r)
8 L«lSmith nØ�L¥���ã²Lr − 2g*

Ð���r-���ã",	§·��ò½n4.1.3 Ú½n4.1.4¥��ã?1*

Ðr − 1g*Ð��r-���ã"�´§·�¿ØUdd���ÜÌ�»�õ

�ρr�r-���ã(r ≥ 4). éur ≥ 4§·�I�é�Ø���r-���ã"

½n4.1.7 éur ≥ 5, Ì�»�õ�ρr�r-���ãÑ´���"é

ur = 4, Ì�»�õ�ρr�Ø���r-���ãXeµ

H
(r)
1,1,2,2 H

(r)
1,1,1,1 H

(r)
1,1,1,2

H
(r)
1,1,1,3 H

(r)
1,1,1,4

y². -H �Ì�»ρ(H) ≤ ρr�r-���ã"
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1. XJH Ø´{ü�, @oH �¹��kü^>��s ≥ 2�!:�fã"

·�¡ù�fã�G
(r)
s . UXe�ª½ÂG

(r)
s �\�'éÝ
Bµé?¿

�!:v Ú>e (,	�>�e′),

B(v, e) =


1
2
XJv ∈ e ∩ e′,

1 XJv ∈ e \ e′,

0 Ù§.

·�N´�y§XJs > 2§B´î�1
4
-��5�¶XJs = 2§B´1

4
-�5

�"Ïd§

ρ(H) ≥ ρ(G(r)
s ) ≥ ρr.

�Ò¤á��=�H = G
(r)
2 = C

(r)
2 . 3�Ò¤á��¹e§H ´���"

2. y3·�b�H´{ü�"XJHØ´�ä§@oH�¹���"-

Cl = v0e1v1e1 · · · vl−1elv0

�H¥äk���Ý��"5¿�3Cl�>ei¥§Ø
vi−1 Úvi	§Ù§

!:Ñ´�!:"ù���C
(r)
l �d, �C

(r)
l ´

1
4
-�5�. ·�k

ρ(H) ≥ ρ(C
(r)
l ) = ρr.

�Ò��=�H = C
(r)
l ¤á. d�, H ´���.

3. ��, ·�b�H ´���ä. ·�b�H ´Ø���. �3�^>, ¡

�F0 = {v1, v2, . . . , vr} ¦�éui = 1, 2, . . . , r§z��!:vi 3,	�^

>Fi¥"�¹>F0, F1, . . . , Fr ��ã¡�(Gã§^S
(r)
r L«. 3>Fi¥§

·�-B(vi, Fi) = 1
4
, B(vi, F0) = 3

4
, �éz��v 6= vi§B(v, Fi) = 1. d

uéur ≥ 5§
∏r

i=1B(ei, F0) = (3
4
)r < 1

4
§Ïd§éur ≥ 5§S

(r)
r ´1

4
-�

�5�. ·�kρ(H) ≥ ρ(S
(r)
r ) > ρr. gñ! Ïd, éur ≥ 5§z��Ì�

»�õ�ρr�r-���ã´���"

4. ·��Är = 4. ·�Äk�y§�K>F0�§4�©|Ñ7L´´»"Ä

K§XJ?��©|�¹��©|!:½©|>§@oH �¹e¡�f

ãH ′1 ½H
′
2.



62 ãÚ�ã�Ì9ÄuÌ�»��ã©aïÄ

· · · · · ·

H ′1

· · · · · ·

H ′2

�
y²ρ(H ′1) > ρ4 Úρ(H ′2) > ρ4, ·��Ié°{��ãH1 ÚH2�Ñ

��1
4
-��5IÒµ

1
4

3
4

1
2

3
4

3
4

1
4

1
4

1
4
1
4

H1���
1
4
-��5IÒ

1
4

3
4

5
9

4
9

3
4

3
4

1
4

1
4

3
4
3
4

1
4

1
4

H2���
1
4
-��5IÒ

éuH1, 3¥Ü>�IÒ¦È�(3
4
)3 · 1

2
= 27

128
< 1

4
. éuH2, 3¥Ü>�

IÒ¦È�(3
4
)3 · 5

9
= 15

64
< 1

4
. Ïd§H1 ÚH2 Ñ´

1
4
-��5�§¤±§é

ui = 1, 2, ρ(Hi) > ρ4, dÚn4.1.2, �ρ(H ′i) > ρ4. gñ!

Ïd, F0�4�©|Ñ´´». ·�^H
(4)
i,j,k,l5L«H, ùpi, j, k, Úl

(i ≤ j ≤ k ≤ l) ´4^´»��Ý.

ÏLe¡1
4
-�5IÒ§·��ρ(H

(4)
1,1,2,2) = ρ4

1
4

3
4

1
3

2
3

2
3

1
3

3
4

1
4

1
4 3

4

1
4

3
4

H
(4)
1,1,2,2�

1
4
-�5IÒ

Ïd, Ø
H
(4)
1,1,2,2, H ��U�H

(4)
1,1,1,l. ,
§XJl = 5, ·�éH

(4)
1,1,1,5 I

ÒXe:
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1
4

3
4

1
43

4

1
4

3
4

16
27

11
27

17
44

6
17

7
24

1
4

27
44

11
17

17
24

6
7

H
(4)
1,1,1,5���î��

1
4
-��5IÒ

Ï�6
7

+ 1
4
> 1, ù´��î��1

4
-��5IÒ. ·��ρ(H

(4)
1,1,1,5) > ρ4. Ï

d, dÚn2.2.3, ·��§XJm ≥ 5§ρ(H
(4)
1,1,1,m) > ρ4.

éul = 4, ·�éH
(4)
1,1,1,4 IÒXe:

1
4

3
4

1
43

4

1
4

3
4

16
27

11
27

17
44

6
17

7
24

27
44

11
17

17
24

H
(4)
1,1,1,4���î��

1
4
-g�5IÒ

du17
24
· 1 · 1 · 1 > 1

4
, ù´��î��1

4
-g�5IÒ. Ïd§ρ(H

(4)
1,1,1,4) < ρ4.

?
, dÚn2.2.3, ·��éul = 1, 2, 3, 4 ρ(H
(4)
1,1,1,l) < ρ4.

nþ§¤kÌ�»�õ�ρr �Ø���r-���ã(r ≥ 4)Ñ3½n4.1.7��L

¥"

díØ4.1.6, ½n4.1.3, ½n4.1.4 Ú½n4.1.7, ·�ke�(Øµ

½n4.1.8 -r ≥ 4�ρr = (r−1)! r
√

4. XJr-���ãH�Ì�»�uρr,

@oH ´e��ã¥��«:

1. A
(r)
n , D

(r)
n , D′(r)n , B

(r)
n , B′(r)n , B̄

(r)
n , BD

(r)
n , E

(r)
6 , E

(r)
7 , E

(r)
8 , F

(r)
2,3,3, F

(r)
2,2,j (for

2 ≤ j ≤ 6), F
(r)
1,3,j ( 3 ≤ j ≤ 13), F

(r)
1,4,j ( 4 ≤ j ≤ 7), F

(r)
1,5,5, ÚG(r)

1,1:j:1,3 (

0 ≤ j ≤ 5). ù
r-���ã´d½n4.1.4¥��ã²Lr − 3g*Ð
�

��"

2. H
(r)
1,1,1,1, H

(r)
1,1,1,2, H

(r)
1,1,1,3, H

(r)
1,1,1,4. ù
r-���ã´d½n4.1.7¥��ã

²Lr − 4g*Ð
���"
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½n4.1.9 -r ≥ 4�ρr = (r−1)! r
√

4. XJr-���ãH�Ì�»�uρr,

@oH ´e��ã¥��«:

1. C
(r)
n , D̃

(r)
n , B̃

(r)
n , B̃D

(r)

n , C
(r)
2 , S

(r)
4 , Ẽ

(r)
6 , Ẽ

(r)
7 , Ẽ

(r)
8 , F

(r)
2,3,4, F

(r)
2,2,7, F

(r)
1,5,6,

F
(r)
1,4,8, F

(r)
1,3,14, G

(r)
1,1:0:1,4, ÚG(r)

1,1:6:1,3. ù
r-���ã´d½n4.1.3¥��

ã²Lr − 3g*Ð
���"

2. H
(r)
1,1,2,2, ù��ã´d½n4.1.7¥�H(4)

1,1,2,2²Lr − 4 g*Ð
���.

4.2 éééÌÌÌ���»»»   uuuüüü���444���:::���mmm������ããã���������©©©aaaïïïÄÄÄ

4.2.1 ÚÚÚóóóÚÚÚ���


ÚÚÚnnn

Äk§de�Ún§·��±éÑÌ�»���4�:"

Ún4.2.1 -eãL«F (r)
1,n,m,

· · ·· · ·

F
(r)
1,n,m

←
n

→
m

F
(r)
1,n,m �Ì�»�ρ(F

(r)
1,n,m). @o, �n,m → ∞ �, limn,m→∞ ρ(F

(r)
1,n,m) = ρ′r =

(r− 1)!β−
1
r , ùpβ = −1

6
· (100 + 12 ·

√
69)

1
3 − 2

3·(100+12·
√

69)
1
3

+ 4
3
≈ 0.2451223338.

y². ·�éF
(r)
1,n,mIÒXeµ

· · ·· · ·

F
(r)
1,n,m

←
n

→
m

x1 x2 xn z1 z2

z3

z0

-x1 = z0 = β, z3 = 1− β, x2 = f(β), xn = fn−1(β), z1 = 1− xn = 1− fn−1(β).

dé¡5, -z2 = 1− fm−1(β). �m,n → ∞�, dÚn2.2.14, ·�kz1 = z2 =

1− fn−1(β) = 1+
√

1−4β
2

. -z1 · z2 · z3 = β, =(1+
√

1−4β
2

)2 · (1− β) = β. ^maple)
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d�§, �β = −1
6
· (100 + 12 ·

√
69)

1
3 − 2

3·(100+12·
√

69)
1
3

+ 4
3
≈ 0.2451223338. dÚ

n2.2.8, ·��limn,m→∞ ρ(F
(r)
1,n,m) = ρ′r = (r − 1)!β−

1
r .

·�-ρ′r = (r−1)!β−1/r,ùpβ = −1
6
·(100+12·

√
69)

1
3− 2

3·(100+12·
√

69)
1
3

+ 4
3
≈

0.2451223338 ´�§x3− 4x2 + 5x− 1 = 0 3«m(0, 1)S��. ·�kXe�ª

¤áµ

β

(1− β)2
=

1−
√

1− 4β

2
; (4.1)

β

(1− β)
= (

1 +
√

1− 4β

2
)2; (4.2)

1−
√
β(1− β) =

√
β

(1− β)
; (4.3)

(1− β)5 = β. (4.4)

·��Ääk�ê�!:�Ã��ã�Ì�»"éuÃ�r-���ãH§XJ

é?¿!:v§�3M¦�dv ≤ M , ·�¡H�Ýk.. éuH§·��±é§

�!:üS§v1, v2, . . . , ¦�Hn := H[v1, v2, . . . , vn] E,´ëÏ�. ´�ρ(Hn)

'un�O¼ê��u½�u(r− 1)!M . Ïd§limn→∞ ρ(Hn)�3, d4��=

�H�Ì�».

Ún4.2.2 é?¿ëÏÃ��äkk.Ý�r-���ãH, þãÌ�»�

½Â�!:�üSÃ'"

y². �v1, v2, . . . Úv
′
1, v
′
2, . . . , ´!:�ü�üS§kü�ü�φi : N → N (for

i = 1, 2) ¦�

{v1, v2, . . . , vn} ⊂ {v′1, v′2, . . . , v′φ1(n)};

{v′1, v′2, . . . , v′n} ⊂ {v1, v2, . . . , vφ2(n)}.

-Hn := H[v1, v2, . . . , vn] ÚH ′n = H[v′1, v
′
2, . . . , v

′
n]. ·�kHn ⊆ H ′φ1(n) and

H ′n ⊆ Hφ2(n). ¤±ρ(Hn) ≤ ρ(H ′φ(n))�ρ(H ′n) ≤ ρ(Hφ(n)). Ïd, limn→∞ ρ(Hn) ≤
limn→∞ ρ(H ′n) �limn→∞ ρ(H ′n) ≤ limn→∞ ρ(Hn). ü�4�´�d�.

Ún4.2.3 -eãL«D1,1,mF
(3)
1,n ,
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......

D1,1,mF
(3)
1,n

→m ←m →n ←n

D1,1,mF
(3)
1,n�Ì�»�ρ(D1,1,mF

(3)
1,n). @o,

1. XJρ(D1,1,mF
(3)
1,n) > ρ′3, Kρ(D1,1,m+1F

(3)
1,n+1) > ρ′3;

2. XJρ(D1,1,mF
(3)
1,n) < ρ′3, Kρ(D1,1,m+1F

(3)
1,n+1) < ρ′3.

y². Äk, ·�y²XJ< x · y < β
1−β , @o(1− β

x
)(1− β

y
) < β

1−β . ¯¢þ,

(1− β

x
)(1− β

y
) = 1− β · x+ y

xy
+
β2

xy
≤ (1− β

√
xy

)2.

du< x · y < β
1−β , ·�N´�y−

√
β

1−β < 1− β√
xy
< 1−

√
β(1− β) =

√
β

1−β .

Ïd, ·�k(1− β
x
)(1− β

y
) < β

1−β .

·�édãIÒXe,

...... y1ynx0
x′0

x1

z0

xm z1 z2

z3

-x0 = x′0 = y1 = z0 = β, z3 = 1 − β, x1 = f(2β), xm = fm(2β), yn =

fn−1(β). z1 = 1 − fm(2β), z2 = 1 − fn−1(β), x = z1 = 1 − fm(2β), y =

z2 = 1 − fn−1(β), XJxy = (1 − fm(2β))(1 − fn−1(β)) < β
1−β , @o, ·�

�(1− β
x
)(1− β

y
) = (1−fm+1(2β))(1−fn(β)) < β

1−β ,½=,XJρ(D1,1,mF
(3)
1,n) < ρ′3,

@oρ(D1,1,m+1F
(3)
1,n+1) < ρ′3.

1�^�y²�^�í{§�1�^�y²aq, ·�3ùpØ2�Ñy².
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4.2.2 3-���������ããã

-β = −1
6
· (100 + 12 ·

√
69)

1
3 − 2

3·(100+12·
√

69)
1
3

+ 4
3
, ρ′3 = 2β−

1
3 , ρ3 = 2 3

√
4. ·

�ke¡½nµ

½n4.2.4 �ëÏ�3-���ãH�Ì�»�ρ(H). XJρ3 < ρ(H) ≤ ρ′3,

@oH �½�e��ã¥��«:

· · ·
E

(3)
1,2:k:1,1 k ≥ 0

· · ·
E

(3)
1,2,n n ≥ 5

E
(3)
1,3,4

......

E
(3)
1,1:m:1,n

3E(3)
1,1:m:1,n¥, (m,n) �U�e��:

(0, 3), (1, 3), (2, 3), (2, 4), (3, 3), (3, 4), (4, n)(3 ≤ n ≤ 5), (5, n)(3 ≤ n ≤ 6),

(m,n)(m ≥ 6, 3 ≤ n ≤ m).

... ...

...
i↑
←j →k
F

(3)
i,j,k

... ... ...

...
...

i↑
←j →m

l↑
←m →k

G
(3)
i,j:m:l,k

3F (3)
i,j,k¥, (i, j, k) �U�e��:

(1, j,∞)(j ≥ 1), (2, 2, k)(k ≥ 8), (2, 3, k)(k ≥ 5), (2, 4, k)(3 ≤ k ≤ 6), (3, 3, k)(k =

3, 4).

3G(3)
i,j:m:l,k¥, �i 6= 1 �l 6= 1�, (i, j,m, l, k)�U�e��:

(2, 3,m, 1, 1)(m ≥ 0), (2, 2,m, 2, 2)(0 ≤ m < 9), (2, 2,m, 1, 3)(0 ≤ m < 9),

(2, 2,m, 1, 2)(m ≥ 2).

�i = 1 �l = 1�, vuy²w5Æ.

y². ·�Äky²½n4.2.4¥3-���ã�Ì�»ρ(H) ÷vρ3 < ρ(H) ≤ ρ′3.

·��±y²§�Ñ´β-�5�½β-g�5�.
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b�H´��3-���ã§§�Ì�»�ρ(H) ÷vρ3 < ρ(H) ≤ ρ′3, �

´HØ3½n4.2.4��L¥.

�/1. XJH �¹C
(3+)
2 ½C

′(3+)
2

C
(3)+
2 C

′(3)+
2

·�éþ¡üã/IÒXe,

x1x2

x3x4

x6x5

y1
y2y3

y4y5

3ãC
(3)+
2 ¥, -x1 = β, x2 = 1 − β, x3 = x6 =

√
β

1−β , x4 = x5 =
√
β. 3

ãC
′(3)+
2 ¥, -y1 = β, y2 = y3 = 1−β

2
, y4 = x5 = 2β

1−β . ·��±�yx3 + x4 ≈
1.0649 > 1 �y4 + y5 ≈ 1.2989 > 1. Ïd, dÚn2.2.13, ·��ρ(C

(3)+
2 ) >

ρ′3Úρ(C
′(3)+
2 ) > ρ′3. XJH �¹C

(3)+
2 or C

′(3)+
2 , dÚn2.2.3, ·��ρ(H) > ρ′3.

Ïd, XJρ(H) ≤ ρ′3 , @o, 3ãH¥, ?¿ü^>�õk���:. Ïd, H

�½´��{ü�ã.

�/2. XJH �¹���, �H �¹C
(3+)
n or C

′(3+)
n

· · ·

C
(3)+
n

· · ·

C
′(3)+
n

·�éù�ãIÒXeµ
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· · ·

C
(3)+
n

xn

x0
xn+1

x1

h2
h1

· · ·

C
′(3)+
n

yn
z1z2
y1

-h1 = x0 = z2 = y1 = β, h2 = 1−β. dÚn2.2.14,-x1 = f(β)�dÚn2.2.14,

·�kxn = fn(β) = 1−
√

1−4β
2

− ε. ^Ó���{, ·��yn = 1−
√

1−4β
2

− ε.

-xn+1 = 1− xn = 1+
√

1−4β
2

+ ε, z1 = 1− yn− z2 = 1+
√

1−4β
2

− β + ε. ·��±�

yx0 · h2 · xn+1 < x0 · h2 · 1+
√

1−4β
2

≈ 0.1054 < β, y1 · z1 · 1 < β · (1+
√

1−4β
2

− β) ≈
0.0796 < β Ïd, dÚn2.2.13, ·��ρ(C

(3)+
n ) > ρ′3 and ρ(C

′(3)+
n ) > ρ′3. Ïd,

XJH �¹C
(3)+
n or C

′(3)+
n , dÚn2.2.3, ·��ρ(H) > ρ′3. Ïd, ·��±@

�H ´���ä.

�/3. XJ∃ v ∈ V (H), ¦�dv ≥ 5, @oH �¹S
(3)
5 .

S
(3)
5

·�édãIÒXeµ

S
(3)
5

β

dé¡5, ·�=é�|IÒ. ·��±�y5β ≈ 1.225611667 > 1, Ïd, dÚ

n2.2.3 ÚÚn2.2.13, ·��ρ(H) > ρ′3. Ïd, H�z�!:�Ý�õ�4.

�/4. XJ∃ v ∈ V (H), ¦�dv = 4, �H �¹S
(3)+
4 ,
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S
(3)+
4

·�édãIÒXeµ

S
(3)+
4

x1

x2x3

x4

x5

x6

ùpx1 = β, x2 = 1−β, x3 = β
1−β , x4 = x5 = x6 = β. ·��±�yx3 +x4 +x5 +

x6 ≈ 1.0601 > 1, Ïd, dÚn2.2.3 ÚÚn2.2.13, ·��ρ(H) > ρ(S
(3)+
4 ) > ρ′3.

Ïd, duρ(S
(3)
4 ) = ρ3�ρ(S

(3)+
4 ) > ρ′3, H�z�!:�Ý�õ�3.

�/5. XJ���33�!:vi, ¦�dvi = 3, i = 1, 2, 3, @oH �¹D
(3)
1,1:k:1,2.

· · ·
D

(3)
1,1:k:1,2

·�édãIÒXeµ

· · ·
D

(3)
1,1:k:1,2

x0
x′0

x1 x2
xn y1y2y3
y4

-x0 = x′0 = β. du1−
√

1−4β
2

< 2β < 1+
√

1−4β
2

, dÚn2.2.14, ·��x1 = f(2β),

xn = fn(2β) = 1−
√

1−4β
2

+ ε. -y1 = y4 = β, y2 = 1 − β, y3 = β
1−β . ·��±�

yy3 + y4 + xn = 1.0 + ε > 1. Ïd, dÚn2.2.3 ÚÚn2.2.13, ·��ρ(H) > ρ′3.

XJ���3ü�vi, ¦�dvi = 3, i = 1, 2, �H �¹D
(3)
1,1:k:1,2 ½eã
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· · · · · ·

·�éþãIÒXeµ

· · · · · ·w1w2
x1

xm ynz2z1

z3

z0

y1 h1h2

-w1 = w2 = z0 = β, z3 = 1 − β. du1−
√

1−4β
2

< 2β < 1+
√

1−4β
2

, dÚn2.2.14,

-x1 = f(2β),·��xm = fm(2β) = 1−
√

1−4β
2

+ε. Ïd, z1 = 1−xm = 1+
√

1−4β
2
−

ε. dé¡5, z2 = 1+
√

1−4β
2
−ε. ·��±�yz1 ·z2 ·z3 < (1−β) ·(1+

√
1−4β
2

)2 = β.

Ïd, dÚn2.2.3 ÚÚn2.2.13, ·��ρ(H) > ρ′3. Ïd, H¥�õk��!:v

¦�dv = 3.

�/6. �v ´����Ý�3�!:, Ù§!:�Ý�õ�2. ·�^E
(3)
i,j,kL«

dë�3!:vþ�3^�Ý©O�i, j, k�´»/¤�3-���ã.

E
(3)
i,j,k

↓
i

←j →
k

·��Äë�3!:vþ�3�©|.

1. duρ(E
(3)
2,2,2) = ρ3, ·��ÄE

(3)
2,2,3.

E
(3)
2,2,3

·�éþãIÒXeµ
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E
(3)
2,2,3

x1 x3 x5x2 x4 x6 x7 x8

x9
x10

x11

-x1 = x8 = x11 = β, x2 = x7 = x10 = 1 − β, x3 = x6 = x9 = β
1−β ,

x5 = 1−2β
1−β , x4 = β(1−β)

1−2β
, ·��±�yx3 + x4 + x9 ≈ 1.0124 > 1. Ïd, d

Ún2.2.3 ÚÚn2.2.13, XJH �¹E
(3)
2,2,3, ·��ρ(H) > ρ′3. Ïd, ·�

�±@�1��©|��¹�^>.

2. XJ>e�!:ÑØ´�!:, ·�¡>e�©|>. �i = 1, j = 2�, 1n

�©|�¹�^>§H�¹D1,2,kF
(3)
1,1 .

x2 ykx1 x3 z1 z2

z3

w2

w1

x4

· · · y1

-x1 = x4 = w1 = w2 = β, x2 = z2 = z3 = 1 − β, x3 = β
1−β , z1 = β

(1−β)2
.

´y β
(1−β)2

= 1−
√

1−4β
2

. -y1 = β
1−z1 = 1−

√
1−4β
2

, dÚn2.2.14, ·��yk =
1−
√

1−4β
2

. ·��±�yx3 + x4 + yk = 1. Ïd, D1,2,kF
(3)
1,1 äkβ-�5I

Ò, ·�kρ(D1,2,kF
(3)
1,1 ) = ρ′3. Ïd, �i ≥ 1, j ≥ 2, k ≥ 2�H�¹�^©

|>�, dÚn2.2.3, ·��ρ(H) ≥ ρ′3, �H �D1,2,kF
(3)
1,1�, �Ò¤á, ù

pk ≥ 0.

3. �i = 1, j = 2, k = n+ 1, HØ�¹©|>�, H = E
(3)
1,2,kXeµ

y2 xny1 y3 x0

y4

· · ·
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-x0 = β, n = k − 1, @o�n → ∞, dÚn2.2.14, ·��xn = fn(β) =
1−
√

1−4β
2

− ε. -y1 = y4 = β, y2 = 1− β, y3 = β
1−β . ·��±�yy3 + y4 +

xn = 1− ε < 1. Ïd, ·��ρ(H) < ρ′3. duρ(E3
1,2,5) = ρ3, Ïd, �n > 5

�, ρ3 < ρ(H) < ρ′3.

4. 1��©|�¹�^>, 1��©|�¹3^>§1n�©|�¹k^>,

vk©|>. �k = 3�, ρ(H) = ρ3.�k = 4�, ã/Xe,

E
(3)
1,3,4

x1 x3 x5 x7 x9x2 x4 x6 x8 x10

x13

x11 x12

-x1 = x12 = x13 = β, x2 = x11 = 1 − β, x3 = x10 = β
1−β , x4 = x9 =

1−2β
1−β , x5 = x8 = β(1−β)

1−2β
, x7 = β2−3β+1

1−2β
, x6 = β(1−2β)

β2−3β+1
, ·��±�yt

x5 + x6 + x13 ≈ 0.9929 < 1. Ïd, ρ3 < ρ(E
(3)
1,3,4) < ρ′3. �k = 5�, ã/X

e,

E
(3)
1,3,5

x1 x3 x5 x7 x9x2 x4 x6 x8 x10

x15

x11 x12x13 x14

-x1 = x14 = x15 = β, x2 = x13 = 1− β, x3 = x12 = β
1−β , x4 = x11 = 1−2β

1−β ,

x5 = x10 = β(1−β)
1−2β

, x6 = β(β2−3β+1)
3β2−4β+1

. ·��±�yx5 + x6 + x15 ≈ 1.0066 >

1. So, ρ(E
(3)
1,3,5) > ρ′3.

5. 1��©|�¹�^>, 1�Ú1n�©|Ñ���¹4^>§vk©|

>"ãE
(3)
1,4,4 Xe,

E
(3)
1,4,4

x1 x3 x5 x7 x9x2 x4 x6 x8 x10

x15

x11 x12x13 x14
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-x1 = x14 = x15 = β, x2 = x13 = 1− β, x3 = x12 = β
1−β , x4 = x11 = 1−2β

1−β ,

x5 = x10 = β(1−β)
1−2β

, x6 = β(β2−3β+1)
3β2−4β+1

. ·��±�yx7 + x8 + x15 ≈ 1.0147 >

1. So, ρ(E
(3)
1,4,4) > ρ′3. Ïd,XJH ý�¹E

(3)
1,4,4,@oρ(H) > ρ(E

(3)
1,4,4) > ρ′3.

6. 1�Ú1�^>Ñ=�¹�^>§1n�©|�¹k^>"�1n�©|

Ø¹©|>�§é?¿k ≥ 1, kρ(H) < ρ3. �1n�©|�¹ü�©|

>�§ãD1,1,mG0,1:n:1,1 Xe,

... ...

·�édãIÒXe,

... ... y1x0
x′0

x1

z1

xm z3 z4

z2

y2

y3

y4

y5

-x0 = x′0 = y1 = y3 = z1 = β, z2 = y2 = y4 = 1 − β, x1 = f(2β),

xm = fm(2β), z3 = 1− fm(2β), y5 = β
(1−β)2

. du1−
√

1−4β
2

< 2β < 1+
√

1−4β
2

,

dÚn2.2.14,·��xm 'um´üN4~�. Ïd, z3 = 1−xm 'um´
üN4O�. Ïd, �m→∞�, ·��xm = 1−

√
1−4β
2

+ ε, z3 = 1− xm =
1+
√

1−4β
2

− ε. du β
(1−β)2

= 1−
√

1−4β
2

, ·��z4 = 1−
√

1−4β
2

. ·��±�

yz2 · z3 · z4 < β · (1 − β) < β, ÏdD1,1,mG0,1:n:1,1 ´β-��5�§·�

kρ(D1,1,mG0,1:n:1,1) > ρ′3. Ïd, XJH31n�©|¥���¹2�©|

>§@oH �¹D1,1,mG0,1:n:1,1, ¤±ρ(H) > ρ(D1,1,mG0,1:n:1,1) > ρ′3. Ïd,

·��±@�3H13�©|¥=k��©|>

�313�©|¥=¹��©|>�§ãD1,1,mF
(3)
1,n Xe,
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......

·�édãIÒXe,

...... y1ynx0
x′0

x1

z1

xm z3 z4

z2

-x0 = x′0 = y1 = z1 = β, z2 = 1 − β, x1 = f(2β), xm = fm(2β), yn =

fn−1(β). z3 = 1−fm(2β), z4 = 1−fn−1(β). du1−
√

1−4β
2

< 2β < 1+
√

1−4β
2

,

0 < β < 1−
√

1−4β
2

, dÚn2.2.14, ·��xm 'umüN4~, yn 'unüN

4O. Ïd, z3 = 1− xm 'umüN4O, z4 = 1− yn 'unüN4~. ?

�Ú, d[? ], ·��ρ(B̃D
3

n) = ρ(D1,1,mF
(3)
1,2 ) = ρ3, ρ(D1,1,mF

(3)
1,1 ) < ρ3, ù

pm ≥ 0, Ïd§XJρ3 < ρ(D1,1,mF
(3)
1,n) ≤ ρ′3, ·�=�Än ≥ 3�e��

/µ

(a) �m = 0, n = 3�, -z3 = 1− 2β, z4 = 1− f 2(β) = 1− β(1−β)
1−2β

. ·��

±�yz2 · z3 · z4 = β (see the Appendix), so ρ(D1,1,0F
(3)
1,3 ) = ρ′3. �n > 3�,

duz4 = 1 − yn 'unüN4~, ·�kz2 · z3 · z4 < β, Ïd§·�

�ρ(D1,1,0F
(3)
1,n) > ρ′3.

(b) �m = 1�, XJn = 3, ·��±�yz2 · z3 · z4 ≈ 0.2496 > β, Ï

dD1,1,1F
(3)
1,3 ´î�β-g�5�; XJn = 4, kz2 · z3 · z4 ≈ 0.2410 <

β, ÏdD1,1,1F
(3)
1,3 ´î�β-��5�. Ïd, �m = 1, n = 3�, ρ3 <

ρ(D1,1,1F
(3)
1,3 ) < ρ′3; �n ≥ 4�, ρ(D1,1,1F

(3)
1,n) > ρ′3.

(c)�m = 2, n = 4�, kz2 · z3 · z4 = β, ÏdD1,1,2F
(3)
1,4 ´β-�5�§·�

kρ(D1,1,2F
(3)
1,4 ) = ρ′3. dÚn2.2.3, �n = 3�, ·��ρ3 < ρ(D1,1,2F

(3)
1,3 ) <

ρ′3; �n > 4�, ρ(D1,1,2F
(3)
1,n) > ρ′3.

(d)�m = 3�, XJn = 4, duD1,1,2F
(3)
1,4 ´β-�5�, dÚn2.2.14, ·�

�D1,1,3F
(3)
1,4 ´î�β-g�5�, Ïd, ρ3 < ρ(D1,1,3F

(3)
1,4 ) < ρ′3; XJn = 5,
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kz2 · z3 · z4 ≈ 0.2432,ÏdD1,1,3F
(3)
1,5 ´β-��5�§·�kρ(D1,1,3F

(3)
1,5 ) >

ρ′3. Ïd, �m = 3, n = 3, 4�, ·��ρ3 < ρ(D1,1,2F
(3)
1,n) < ρ′3; �n ≥ 5�,

(D1,1,2F
(3)
1,n) > ρ′3.

(e)�m = 4, XJn = 5, kz2 · z3 · z4 ≈ 0.2462, so D1,1,4F
(3)
1,5 ´β-g�5�§

·�kρ(D1,1,4F
(3)
1,5 ) < ρ′3; XJn = 6, kz2 · z3 · z4 ≈ 0.2425, ÏdD1,1,4F

(3)
1,5

´β-��5�§·�kρ(D1,1,4F
(3)
1,6 ) > ρ′3. Ïd, dÚn2.2.11 ÚÚn2.2.3,

�m = 4, n = 3, 4, 5�, ·��ρ3 < ρ(D1,1,4F
(3)
1,n) < ρ′3; �n ≥ 6�, ·�

kρ(D1,1,4F
(3)
1,n) > ρ′3.

(f) When m = 5�, XJn = 6, kz2 · z3 · z4 = β, ÏdD1,1,5F
(3)
1,6 ´β-

�5�§·�kρ(D1,1,5F
(3)
1,6 ) = ρ′3; XJn = 3, 4, 5, dÚn2.2.3, ρ3 <

ρ(D1,1,4F
(3)
1,n) < ρ′3; XJn ≥ 7, dÚn2.2.3, ·�kρ(D1,1,5F

(3)
1,n) > ρ′3.

(g) �m = 6�, XJn = 6, duD1,1,5F
(3)
1,6 ´β-�5�, dÚn2.2.14

·��D1,1,6F
(3)
1,6´î�β-g�5�, Ïd, ρ3 < ρ(D1,1,6F

(3)
1,6 ) < ρ′3; X

Jn = 7, kz2 · z3 · z4 ≈ 0.2246, ÏdD1,1,6F
(3)
1,7 ´β-��5�§·�

kρ(D1,1,6F
(3)
1,7 ) > ρ′3. Ïd, dÚn2.2.3, �m = 6�, XJ3 ≤ n ≤ 6,

·�kρ3 < ρ(D1,1,6F
(3)
1,n) < ρ′3; XJn ≥ 7, ·�kρ(D1,1,6F

(3)
1,n) > ρ′3.

(h)é?¿m = n ≥ 7, duρ3 < ρ(D1,1,6F
(3)
1,6 ) < ρ′3, dÚn4.2.3, ·�

kρ3 < ρ(D1,1,nF
(3)
1,n) < ρ′3. dÚn2.2.3, �m ≥ 7 �3 ≤ n < m�, ·

�kρ3 < ρ(D1,1,nF
(3)
1,n) < ρ′3. ,��¡, duρ(D1,1,6F

(3)
1,7 ) > ρ′3, dÚ

n4.2.3ÚÚn2.2.3, �m ≥ 7�n > m�, ·�kρ(D1,1,mF
(3)
1,n) > ρ′3.

�/7. ·�^F
(3)
i,j,k�Ldë�3�^>z�!:þ�Ý©O�i, j, k�´»/

¤�3-���ã.

... ...

...

i↑

←j →
k

F
(3)
i,j,k

^G
(3)
i,j:m:l,k L«dë�3�^�Ý�m + 2�´»�à:!:þ��Ý©O�i,

j, l, k�4^´»/¤�3-���ã.
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... ... ...

...
...

i↑

←j →m

l↑

←m →
k

G
(3)
i,j:m:l,k

y3§·�b½H¥!:�Ý�õ�2. �â©|>�ê8§·��Ä±e�

¹µ

1. XJH Ø¹©|>, @oH ´�^´», ·�kρ(H) < ρ3.

2. XJH =¹�^©|>, @oH = F
(3)
i,j,k. ·�édãIÒXeµ

... ...

...

i ↑

←
j

→
k

F
(3)
i,j,k

x1 x2 xj z1 z2

z3

w1

wi

y1yk

-x1 = y1 = w1 = β, xj = f j−1(β), yk = fk−1(β), wi = f i−1(β), z1 =

1− xj = 1− f j−1(β), z2 = 1− yk = 1− fk−1(β), z3 = 1−wi = 1− f i−1(β).

@o, ·��Äµ

(a) �i = 1, j, k →∞, dÚn4.2.1, ·��ρ(F1,∞,∞) = ρ′3. duρ(F1,5,6) =

ρ(F1,4,8) = ρ(F1,3,14) = ρ3, �i = 1, j = 5, k > 6, ½i = 1, j > 5, k ≥ 6 ,

½i = 1, j = 4, k > 8, ½i = 1, j > 4, k ≥ 8, ½i = 1, j = 3, k > 14, or

i = 1, j > 3, k ≥ 14�, ·�kρ3 < ρ(Fi,j,k) < ρ′3.

(b)�i = j = 2, k →∞�,dÚn2.2.14,-yk = 1−
√

1−4β
2

− ε, z2 = 1− yk =
1+
√

1−4β
2

+ ε. ·��±�yz1 · z2 · z3 > z1 · z3 · 1+
√

1−4β
2

≈ 0.2599 > β, Ï

d, ·��ρ(F2,2,∞) < ρ′3. Ïd, dρ(F2,2,7) = ρ3, ék ≥ 8, ·��ρ3 <

ρ(F2,2,k) < ρ′3.
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�i = 2, j = 3�, ·��Äρ(F2,3,k). �k → ∞�, -z2 = 1 − yk ==
1+
√

1−4β
2

+ε,kz1 ·z2 ·z3 > z1 ·z3 · 1+
√

1−4β
2

= β. dρ(F2,3,4) = ρ3,éuk ≥ 5,

·��ρ3 < ρ(F2,3,k) < ρ′3 for any.

�i = 2, j = 4�, XJk = 6, kz1 · z2 · z3 ≈ 0.2462 > β; if k = 7, ·�

�±�yz1 · z2 · z3 ≈ 0.2436 < β. dρ(F2,3,4) = ρ3, éu4 ≤ k ≤ 6, ·�

�ρ3 < ρ(F2,4,k) < ρ′3.

�i = 2, j = 5�, XJk = 5, kz1 · z2 · z3 ≈ 0.2444 < β. Ïd, ·

��ρ(F2,5,5) > ρ′3. Ïd, �i = 2, k ≥ j ≥ 5�, dÚn2.2.3, ·�

kρ(F2,j,k) > ρ′3.

(c)�i = 3�, XJj = 3, k = 4, kz1 · z2 · z3 ≈ 0.2496 > β; if j = 3,k = 5,

·��±�yz1 · z2 · z3 ≈ 0.2441 < β. dρ(F3,3,3) > ρ3, éuk = 3, 4, ·�

�ρ3 < ρ(F3,3,k) < ρ′3; éuk ≥ 5, ·��ρ(F3,3,k) > ρ′3.

�i = 3�, XJj = 4, k = 4, kz1 · z2 · z3 ≈ 0.2411 < β. Ïd, �i = 3�,

XJk ≥ j ≥ 4, ·�kρ(F3,j,k) > ρ′3.

(d)�i = 4�, XJj = 4, k = 4, kz1 · z2 · z3 ≈ 0.2328 < β. Ïd,

�k ≥ j ≥ i ≥ 4, ·�kρ(Fi,j,k) > ρ′3.

3. XJH �Ð�¹ü�©|>, @oH = G
(3)
i,j:m:l,k (i ≤ j, l ≤ k). ·�éd

ãIÒXeµ

... ... ...

...
...

i ↑

←
j

→
m

l ↑

←
m

→
k

G
(3)
i,j:m:l,k

x1 x2 xj z1 z2

z3

w1

wi

q1

ql

h1hm y1ykz4 z5

z6

-x1 = y1 = w1 = q1 = β, xj = f j−1(β), yk = fk−1(β), wi = f i−1(β),

ql = f l−1(β), z1 = 1−xj = 1−f j−1(β), h1 = β
1−z4 , hs = β

1−hs−1
( 2 ≤ s ≤ m),

z2 = 1 − hm, z3 = 1 − wi = 1 − f i−1(β), z5 = 1 − yk = 1 − fk−1(β),
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z6 = 1− ql = 1− f l−1(β), z4 = β
z5·z6 .

Äk, ·�b�i 6= 1�l 6= 1, �ÄXe�¹µ

(a) �i + j = 5 �l + k = 3�, ½=i = 2, j = 3, l = 1, k = 2. ·

�O��z4 = β
1−2β

= f(2β). Ïd, -h1 = f 2(2β), hm = fm+1(2β).

du1−
√

1−4β
2

< 2β < 1+
√

1−4β
2

, dÚn2.2.14, ·��hm'umüN4~,

z2 = 1−hm 'umüN4O.Ïd,�m→∞�,·��hm = 1−
√

1−4β
2

+ε,

z2 = 1−hm = 1+
√

1−4β
2
−ε. ·��±�yz1 ·z2 ·z3 < z1 ·z3 · 1+

√
1−4β
2

= β. Ï

d, é?¿m ≥ 0, ·��ρ(G2,3:m:1,2) > ρ′3. Ïd, é?¿m ≥ 0, i + j ≥ 5,

�l + k ≥ 3, ·�kρ(Gi,j:m:l,k) > ρ′3.

(b)�i+j = 5�l+k = 2�,=i = 2, j = 3, l = 1, k = 1. O��z4 = β
(1−β)2

.

du β
(1−β)2

= 1−
√

1−4β
2

, ·��hm = 1−
√

1−4β
2

. So, z2 = 1+
√

1−4β
2

. ·��±

�yz1 · z2 · z3 = β. Ïd, é?¿m ≥ 0, ·�kρ(G2,3:m:1,1) = ρ′3.

(c) �i + j = 4 �l + k = 4�, XJi = 2, j = 2, l = 2, k = 2, ·�

�z4 = β(1−β)2

(1−2β)2
§k1−

√
1−4β
2

≈ 0.4302 < z4 ≈ 0.5375 < 1+
√

1−4β
2

≈ 0.5698.

dÚn2.2.14, �hm 'umüN4~. �m = 8�, z1 · z2 · z3 ≈ 0.2433 <

β, �m = 9�, z1 · z2 · z3 ≈ 0.2465 > β. Ïd, é?¿m ≥ 9, ·�

�ρ(G2,2:m:2,2) < ρ′3, é?¿0 ≤ m < 9, kρ(G2,2:m:2,2) > ρ′3.

XJi = 2, j = 2, l = 1, k = 3, dz4 = 0.5098, ·��±���ρ(G2,2:m:2,2)

�Ó�(J,½=, é?¿m ≥ 9, ·�kρ(G2,2:m:1,3) < ρ′3, é?¿0 ≤ m <

9, kρ(G2,2:m:1,3) > ρ′3.

(d) �i + j = 4 �l + k = 3�, =i = 2, j = 2, l = 1, k = 2, dz4 =
β

1−2β
= f(2β), ·��hm = fm+1(2β). dÚn2.2.14, ·��hm 'umü

N4~, z2 = 1 − hm 'umüN4O. Ïd, �m = 1�, z1 · z2 · z3 ≈
0.2442 < β, �m = 2�, z1 · z2 · z3 ≈ 0.2473 > β. Ïd, é?¿m ≥ 2, ·

��ρ(G2,2:m:1,2) < ρ′3; é?¿0 ≤ m < 2, kρ(G2,2:m:1,2) > ρ′3.

(e)�i+ j = 4 �l+ k = 2�, =i = 2, j = 2, l = 1, k = 1, dρ(G2,3:m:1,1) =

ρ′3, dÚn2.2.3, ·��ρ(G2,2:m:1,1) < ρ′3.

�i+ j ≤ 3 �l + k ≤ 3�, =�e��/�AÏ�¹µ
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y3, ·��Äi = l = 1.�j = 1�, -x1 = y1 = w1 = q1 = β, z1 =

z3 = z6 = 1 − β, z2 = β
(1−β)2

. du β
(1−β)2

= 1−
√

1−4β
2

, �z4 = 1+
√

1−4β
2

.

�k → ∞�, z5 = 1 − yk = 1 − fk−1(β) = 1+
√

1−4β
2

+ ε. ·��±�

yz4 · z5 · z6 < (1 − β)(1+
√

1−4β
2

)2 = β. Ïd, é?¿m ≥ 0, k ≥ 1,

·�kρ(G1,1:m:1,k) < ρ′3. dρ(G1,1:0:1,4) = ρ3 Úρ(G1,1:6:1,3) = ρ3, Ïd,

XJρ3 < ρ(G1,1:m:1,k) < ρ′3, ·�km ≥ 0, k ≥ 5, ½m > 0, k = 4,

½m ≥ 7, k ≥ 3. �j = 2, dz2 = β
1−2β

= f(2β), ·�k��/6¥

�6^�Ó�(J"�j ≥ 3�, XJρ(G1,j:m:1,k) < ρ′3, éj = 3, 4, 5, 6,

Úk = 3, 4, ..., 25, ·���e�L�, dL�¥, êi�Lm �����

��.

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

3 2 4 6 7 9 10 11 12 13 14 15 16 17 18 19 20 20 21 22 22 23 23 24

4 6 8 9 11 12 13 14 15 16 17 18 19 20 21 22 22 23 24 24 25 25 26

5 10 11 12 14 15 16 17 18 19 20 21 22 22 23 24 25 25 26 27 27 27

6 12 14 15 16 17 18 19 20 21 22 23 24 25 25 26 27 27 28 28 29

L 4.1:

4. H ���¹3^©|>. du¤k!:�Ý�õ�2, ¤k©|>23Ó�

´»þ. ·��ÄG1,1:m:1:n:1,1µ

· · · · · ·

·�édãIÒXe,

· · · · · ·h1 x0

h2

xm z1 z2

z3

z0

-h1 = h2 = z0 = β, x0 = β
(1−β)2

, z3 = 1 − β. du β
(1−β)2

= 1−
√

1−4β
2

, ·�

�xm = 1−
√

1−4β
2

. Ïd, z1 = 1−xm = 1+
√

1−4β
2

. dé¡5,-z2 = 1+
√

1−4β
2

.
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·��±�yz1 ·z2 ·z3 = β. Ïd,é?¿m ≥ 0, n ≥ 0,kρ(G1,1:m:1:n:1,1) =

ρ′3. XJH �¹G1,1:m:1:n:1,1, @oρ(H) > ρ(G1,1:m:1:n:1,1) = ρ′3.

nþ, ¤kÌ�»ρ(H) ÷vρ3 < ρ(H) ≤ ρ′3��ãÑ3½n4.2.4��L

¥.

4.2.3 r-���������ããã

é?¿�êr ≥ 2,-ρ′r = (r−1)!β−
1
r . 3ù�!§-H�r-���ã, r ≥ 4,

·�é¤kÌ�»ρ(H)÷vρr < ρ(H) ≤ ρ′r�r-���ã?1©a. Äkdí

Ø4.1.6, ·��±é½n4.2.4 ¥��ã?1*Ð. @o, Ød�	, �k=
�

ãH�Ì�»ρ(H)÷vρr < ρ(H) ≤ ρ′rQº

½n4.2.5 éur ≥ 5, z��Ì�»�õ�ρ′r�r-���ã´���. é

ur = 4, Ì�»3«m(ρr, ρ
′
r] S�Ø���ãXeµ

· · ·

H ′2 H1,1,2,3

· · ·

H1,1,1,l, l ≥ 5

y². -H �r-���ã÷vρr < ρ(H) ≤ ρ′r.

1. XJH Ø´{ü�, @oH �¹��iã§ù�iãkü^>��

us ≥ 2 �!:. ¡ù�fã�G
(r)
s . ½ÂG

(r)
s �\�'éÝ
B Xe: é

?¿!:v Ú>e (,	�>�e′),

B(v, e) =


1
2
XJv ∈ e ∩ e′,

1 XJv ∈ e \ e′,

0 Ù§.

N´�y�s ≥ 3�, ·�k(1
2
)s < β, ÏdG

(r)
s ��β-��5�ρ(H) > ρ′r.

�s = 2�, G
(r)
s ���C

(3)+
n . Ïd, XJH �¹G

(r)
s , kρ(H) > ρ′r.

2. y3·�b�H ´{ü�. XJH Ø´�ä, @oH �¹���. -Cl =

v0e1v1e1 · · · vl−1elv0�H¥�Ý����. 5¿�3Cl�>ei¥§Ø
vi−1
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Úvi	§Ù§!:Ñ´�!:"ù���C
(r)+
l �d, �C

(r)+
l ´β-��5

�. ·�k

ρ(H) > ρ(C
(r)+
l ) > ρ′r.

3. ��, ·�b�H ´���ä. ·�b�H ´Ø���. �3�^>, ¡

�F0 = {v1, v2, . . . , vr} ¦�éui = 1, 2, . . . , r§z��!:vi 3,	�^

>Fi¥"�¹>F0, F1, . . . , Fr ��ã¡�(Gã§^S
(r)
r L«. 3>Fi¥§

·�-B(vi, Fi) = 1
4
, B(vi, F0) = 3

4
, �éz��v 6= vi§B(v, Fi) = 1. du

éur ≥ 5§
∏r

i=1B(ei, F0) = (3
4
)r < 0.2373 < β§Ïd§éur ≥ 5§S

(r)
r

´1
4
-��5�. ·�kρ(H) ≥ ρ(S

(r)
r ) > ρ′r. gñ! Ïd, éur ≥ 5§z�

�Ì�»�õ�ρ′r�r-���ã´���"

4. ·��Är = 4. ·�Äk�y§�K>F0�§4�©|Ñ7L´´»"Ä

K§XJ?��©|�¹��©|!:½©|>§@oH �¹e¡�f

ãH ′1 ½H
′
2:

· · ·

H ′1

· · ·

H ′2

·�éH ′1 ÚH
′
2 IÒXe,

· · ·

H ′1

x1 x2 z0

x3

x4

x6

x5

y1

y2

zm · · ·

H ′2H
′
1

x1 x2 z0

x3

x4

x6

x5

y1

y2

zm
h1

h2

h3

3H ′1 ÚH
′
2¥, -x1 = x5 = x6 = y1 = y2 = β, x2 = x3 = x4 = h1 = h2 =

1 − β, h3 = β
(1−β)2

= 1−
√

1−4β
2

z0 = β
(1−β)3

, ·��±�y β
(1−β)3

= 1+
√

1−4β
2

,

dÚn2.2.14, �zm = 1+
√

1−4β
2

. 3H ′1¥, ´�y1 + y2 + zm ≈ 1.0601 > 1,
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3H ′2¥, h3+zm = 1−
√

1−4β
2

+ 1+
√

1−4β
2

= 1. Ïd,é?¿m ≥ 0, ρ(H ′1) > ρ′r,

ρ(H ′2) = ρ′r XJH�¹H
′
1 ½H

′
2, @oρ(H) > ρ′r.

y3, ·��Äë�3F0 �4�©|Ñ´´», d�, ·�^H
(4)
i,j,k,lL«H§

ùpi, j, k, Úl (i ≤ j ≤ k ≤ l) ´4^´»��Ý. ·�Äky²H1,2,2,2 ´

î�β-��5�. ·�édãIÒXeµ

x1 x2 z1

z3

z0

z2

z4

-x1 = z0 = β, x2 = f(β), z1 = 1−2β
1−β , dé¡5, z2 = z3 = z4 = 1−2β

1−β . ´

�z1 · z2 · z3 · z4 =≈ 0.2325 < β. Ïd, ρ(H1,2,2,2) > ρ′r.

�i = j = 1, k = 2�, ^eãL«H1,1,2,l,

· · ·

·�édãIÒXe,

· · ·x1 x2 z1

z3

z0

z2

z4 yl y1

z5
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-x1 = y1 = z0 = z5 = β, x2 = f(β), z1 = 1−2β
1−β , z2 = z3 = 1 − β,

yl = f l−1(β), z4 = 1 − yl. �l = 3�, ·��±�yz1 · z2 · z3 · z4 = β.

Ïd, ρ(H1,1,2,3) = ρ′3. �l = 4, ´�z1 · z2 · z3 · z4 ≈ 0.2367 < β. So,

ρ(H1,1,2,4) > ρ′r. duρ(H1,1,2,2) = ρr, =�l = 3�, ρr < ρ(H1,1,2,3) = ρ′r.

�i = j = k = 1, eãL«H1,1,1,l,

· · ·

·�édãIÒXe,

· · ·x1 z1

z3

z0

z2

z4 yl y1

z5

-x1 = y1 = z0 = z5 = β, z1 = z2 = z3 = 1 − β, yl = f l−1(β),z4 = 1 − yl.
�l →∞, dÚn4.2.1, -yl = 1−

√
1−4β
2

− ε, z4 = 1− yl = 1+
√

1−4β
2

+ ε. ·

��±�yz1 · z2 · z3 · z4 > z1 · z2 · z3 · 1+
√

1−4β
2

= β. duρ(H1,1,1,4) < ρ4

Úρ(H1,1,1,5) > ρ4, éul ≥ 5, kρr < ρ(H1,1,1,l) < ρ′r.

Ïd, ¤kÌ�»3«m(ρr, ρ
′
r] S��ãÑ3½n4.2.5��L¥.

díØ4.1.6, ½n4.2.5 Ú½n4.2.4, ·�ke�½n:

½n4.2.6 -r ≥ 4, ρr = (r − 1)! r
√

4. XJr-���ãH�Ì�»3«

m(ρr, ρ
′
r] S, @oH ´e�ã/¥��«:

1. d½n4.2.4¥��ã²Lr − 3g*Ð
���r-���ã.

2. d½n4.2.5¥��ã²Lr − 4g*Ð
���r-���ã.
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4.3 éééÌÌÌ���»»»���õõõ���(r − 1)!
r
√

2 +
√

5������������ããã(((������ïïïÄÄÄ

4.3.1 ïïïÄÄÄyyyGGG999ÌÌÌ���½½½nnn

Cvetković et al. [27]éÌ�»2 < ρ(G) <
√

2 +
√

5�ã�Ñ
C���

�©a§Brouwer ÚNeumaier [22]�Ñ
�����©a§½=µE1,b,c £b =

2, c ≥ 6 ½b ≥ 3, c ≥ 4¤, E2,2,c £c ≥ 3¤, ÚG1,a:b:1,c £a ≥ 3, c ≥ 2, b > a+ c¤

.

t t t t t t tp p p p p p p p p p p p p p
t
E1,b,c

t t t t t tp p p p p p p
t
t

E2,2,c

t t t t t t t t t tp p p p p p p p p p p p p p p p p p p p p
t t
G1,a:b:1,c

Wang et al. [62]ïÄ
Ì�»�C3
2

√
2�ã"Woo and Neumaier [63] y²


Ì�»�
√

2 +
√

5 < ρ(G) < 3
2

√
2�ã�e¡�ã/µ

1. XJãG�!:���Ý���4§@oãG�/X�ÄG�ã/§½=§

S5"

2. XJãG´��ä§�!:���Ý�3, @oG´��mÄÊ§½=¤k

Ýê�3�!:23Ó��´»þ"

3. XJG�¹���§@oG´��4ÄÊ§½=§G´!:Ýê�õ�3�

ü�ã§�Ýê�3�!:23�þ"

3ù�!§·�ïÄÌ�»�õ�(r − 1)!
r
√

2 +
√

5-r���ãH�/G,

��ù���ã7Lk��ÄÊ(�§ù�(Ø�Woo-Neumaier, Graphs

Combin.32007céÌ�»�õ�3
2

√
2�ã�©a(Jké��q5"

·�kQã�eü�­�Vg"éuk ≥ 3, XJ��!:v3k^>S§

v�¡�k-©|!:; XJ�^>eØ�¹©|!:§�´�k^>�ë§>e�

¡�k-©|>"�k = 3�, �
{, ·�`©|>/!:§
Ø`3-©|>/!

:. ·��Ì�½nXeµ
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½n4.3.1 éu��Ø���3-��ëÏ�ãH§XJ§�Ì�»÷

vρ(H) ≤ 2
3
√

2 +
√

5§@o§�ãH�!:�ÝØU�L3, �H�(�áue

¡üa¥���aµ

m3-ÄÊ: H ´���ä§¤k�©|!:Ú©|>23Ó�^´»þ§�õ

kü�©|!:§
�§?��©|!:ØU3?ü�©|>�m§½

��©|>Ú��©|!:�m"

43-ÄÊ: H �¹���C �vk©|!:. ¤k�©|>�U�3u�Cþ,


�z��©|>�Uë��^´».

...
...

...

· · · · · ·. . . . . .

m1 m2 ms

· · ·k1 k2 k3 k4 ks+1

· · ·

· · ·

······

...

. . .
m1

m2

mi

ã 4.2: (~f)�>: ��m3-ÄÊ§©|!:/>�ôÚ�ùÚ.m>: ��3-4

ÄÊ, ©|>�ùÚ.

½n4.3.2 �H ´Ø���4-���ã§Ì�»�ρ(H) ≤ 6
4
√

2 +
√

5. @

oH ´���ä§H�!:�ÝØU�L3, �H�z^>�ë�>ØU�L4§

�H�(�áue¡üa¥���aµ

m4-ÄÊ: H ´���ä§¤k�©|!:Ú©|>23Ó�^´»þ§�õ

kü�©|!:Úü�4- ©|>§
�§?��4-©|>½©|!:Ø

U3?ü�3-©|>�m§½��©|>Ú��4-©|>£½©|!:�

m¤",	§z��4-©|>�3^�Ý©O�1, 1, and k (k = 1, 2, 3)�´

»ë�"

4-dagger: H�d��4-©|>�4^�Ý©O�i, j, k, l�´»ë�/¤��

ã§^H(4)
i,j,k,l £i ≤ j ≤ k ≤ l¤L«. H�e��ã¥��«µH(4)

1,2,2,2,

H
(4)
1,2,2,3, H

(4)
1,1,4,4, H

(4)
1,1,4,5, ÚH(4)

1,1,k,l (1 ≤ k ≤ 3, �k ≤ l).
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· · · · · · · · · · · · · · ·

...↑
...↑

...↑m1 m2 mi

←←←←←k
k1 k2 ki

· · ·

...

...

· · ·
i↑

←j l↓

→k

ã 4.3: (~f) �>: ��m4-ÄÊ. m>: ��4-dagger H
(4)
i,j,k,l.

½n4.3.3 éur = 5, =k��Ø���5-���ãH÷vρ(H) ≤ (r −
1)!

r
√

2 +
√

5§½=§5-(G���ã, Xeµ

éur ≥ 6, ¤k÷vρ(H) ≤ (r − 1)!
r
√

2 +
√

5 �r-���ãH ´���.

4.3.2 ÚÚÚnnn

½Â4.3.4 �½ü�r���ãH1 ÚH2, lH1 �H2���Ó�´�d

ãH1�!:8�ãH2�!:8S���N�f : V (H1) → V (H2), ¦�H1�?

¿ü���!:¤éA�H2�ü�!:���. XJf ´��ü�, E^fL

«, lE(H1) �E(H2), @of �¡�´��fÓ�. d�, ·��¡H1 ´H2�

��fÓ�..

z��f�ã´��fÓ�.. �v1 Úv2 ´H�ü�!:§ùü�!:Ø

Ó�3?¿�^>S. ·��±òv1 Úv2Ü¿¤��!:x§l
dH����

#ãH ′. �N�f : V (H) → V (H ′)òv1 Úv2Ü¿, Ó��éÙ§!:�Ó��

N�, @of �¡�fÓ�.

Ún4.3.5 �H1 ÚH2 ´ü�ëÏ�r-���ã. XJH1 ´H2���f

Ó�., @o·�k

ρ(H1) ≤ ρ(H2)

�Ò¤á��=�H1 �H2´Ó��.
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y². �f : V (H1) → V (H2) ���fÓ�. -α =
(

(r−1)!
ρ(H2)

)r
, dÚn2.2.5, H2

´��α-�5�. -B2 �H2�'éÝ
. ·��±½ÂH1�'éÝ
B1 Xe:

B1(v, e) = B2(f(v), f(e)) é?¿v ∈ V (H1) Úe ∈ E(H1).

é?¿�½�e ∈ E(H1), k∏
v∈e

B1(v, e) =
∏

v′∈f(e)

B2(v′, f(e)) = α.

éu?¿�½�v ∈ E(H1), 8Ü{e ∈ E(H1) : v ∈ e} ´8Ü{e ∈ E(H1) : f(v) ∈
f(e)}�f8. duf(e) �e��û½, �¡�8Ü�{e′ ∈ E(H2) : f(v) ∈ e′}´
��éA�. ¤±k∑

e : v∈e

B1(v, e) ≤
∑

e′ : f(v)∈e′
B2(f(v), e′) = 1.

Ïd, H1´α-g�5�. ·�kρ(H1) ≤ ρ(H2). ��Ò¤á�, f(H1) = H2 (Ä

Kρ(H1) ≤ ρ(f(H1)) < ρ(H2)), é?¿v ∈ V (H1) Úe ∈ E(H1), v ∈ e ��=

�f(v) ∈ f(e). ¤±f 7L´��ü�, (ÄK, ·�kf(v1) = f(v2), ·��±

é�>e1 �¹v1. duf ´Ó�, v2 Ø3>e1¥, �´f(v2) = f(v1) ∈ f(e1), g

ñ.) Ïd, f ´��Ó�.

Ún4.3.6 -fβ(x) = β
1−x �f

n
β (x) = f(fn−1

β (x)) (n ≥ 2), @oé?¿�

�ên, Ú?¿¢êβ ∈ (0, 1
4
), �3���x ∈ (1−

√
1−4β
2

, 1+
√

1−4β
2

) ¦�fnβ (x) =

1− x.

y². �Ä¼êf�8ÜF§Ù¥f÷vµ

1. f 3(1−
√

1−4β
2

, 1+
√

1−4β
2

)¥´ëY�üNO¼ê.

2. 1−
√

1−4β
2

Ú1+
√

1−4β
2

´f��.:.

Ï�g(x) := f(x) + x 3(1−
√

1−4β
2

, 1+
√

1−4β
2

)¥´ëY�î�O¼ê, �

g(
1−
√

1− 4β

2
) = 1−

√
1− 4β < 1, and g(

1 +
√

1− 4β

2
) = 1+

√
1− 4β > 1.

·�k, é?¿�f ∈ F , �3���x ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

) ¦�f(x) =

1 − x. é?¿��êm, ·�y²fmβ (x) ∈ F . �m = 1, ·��f 1
β(β) =
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fβ(β) ∈ F . y3·�b�fmβ ∈ F . dufβ Úf
m
β Ñ´ëYüN4O��

ò(1−
√

1−4β
2

, 1+
√

1−4β
2

)N��(1−
√

1−4β
2

, 1+
√

1−4β
2

), fβ ◦ fmβ = fm+1
β ½Xd, ¤±·

��¤y².

Ún4.3.7 -eãL«F (3)
m,n,k,

... ...

...

m↑

←n →
k

F
(3)
m,n,k

and the spectral radius of F
(3)
m,n,k be ρ(F

(3)
m,n,k). Then, when m,n, k →∞,

lim
m,n,k→∞

ρ(F
(3)
m,n,k) = 2

3

√
2 +
√

5.

y². We label this graph as follows

... ...

...

m↑

←
n

→
k

F
(3)
m,n,k

x1 x2 xn z1z2

z3

�β ∈ (0, 1
4
)���¢ê. -z1 = 1 − xn = 1 − fn−1

β (β), z2 = 1 − fk−1
β (β),

z3 = 1− fm−1
β (β). �βm,n,k �

z1z2z3 = β.

�). ·�����βn,m,k-�5IÒ. Ïd, ρ(F
(3)
m,n,k) = 2β

−1/3
m,n,k. dÚn2.2.14�

1�^, é�½�β, ziüN4~�ªu
1+
√

1−4β
2

. ·��βm,n,k 'um, n, Úkü

N4~. ¤±limm,n,k→∞ βm,n,k �3�´

(
1 +
√

1− 4β

2
)3 = β.
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���).ÏL{üO�,·��β =
√

5−2. dÚn2.2.8,·��limm,n,k→∞ ρ(F
(3)
m,n,k) =

2
3
√

2 +
√

5.

-ρ′r = (r − 1)!
r
√

2 +
√

5, ·�ke¡Ún.

Ún4.3.8 éur ≥ 3, -H���r-���ã§Ì�»�ρ(H) ≤ ρ′r. X

JH Ø´{ü�, @oH = C
(r)
2 , Ù¥C(r)

2 ´��r-���ã�kü^>¹kü

��Ó!:.

y². 3©[64]¥, ·�®²��ρr(C
(r)
2 ) = (r − 1)! r

√
4 < ρ′r.

duH Ø´{ü�, H �¹ü^>F1ÚF2 äks ��Ó!:, ùps ≥ 2.

XJs ≥ 3, ¡�¹F1, F2��ã�C
(r)
s+ . ½ÂC

(r)
s+�\�Ý
B Xe: é?¿

!:v Ú>e (Ù§�e′),

B(v, e) =


1
2
XJv ∈ e ∩ e′,

1 if v ∈ e \ e′,

0 Ù§.

´��s ≥ 3�, ·�k(1
2
)s < 0.1251 < β, ÏdC

(r)
s+ ´��β-��5�, ¤

±ρ(H) ≥ ρ(C
(r)
s+ ) > ρ′r. gñ! dd, F1 ÚF2 =Uk2��Ó!:. XJH ´

ëÏ��H 6= C
(r)
2 , @ok13^>F3�F1 ∪ F2k�Ó!:. duÜ¿!:Ø

UCfÓ�.5�, ·��I��Äü«fÓ�.: C
(r)
2+ ÚC

′(r)
2+. ùp�ãC

(r)
2+

ÚC ′
(r)
2+ Ñ�¹3^>F1, F2, F3, �|F1 ∩ F2| = 2, |F3 ∩ (F1 ∪ F2)| = 1. ØÓ�´

3C
(r)
2+¥, F3 ∩ (F1 ∪ F2) ∈ F1 ∩ F2 
3C

′(r)
2+¥, F3 ∩ (F1 ∪ F2) ∈ F1∆F2. e¡´

ã/C
(3)
2+ ÚC

′(3)
2+:

C
(3)
2+ C ′

(3)
2+

·�Äky²ρr(C
(r)
2+) > ρ′r Úρr(C

′(r)
2+) > ρ′r, by Lemma 4.3.5, ´�ρ(H) > ρ′r.

duC
(r)
2+ dC

(3)
2+*Ð��, C ′

(r)
2+ dC

′(3)
2+*Ð��. ·��I�y²C

(3)
2+ ÚC

′(3)
2+

´��î�β-��5�. ·�éùü�ã/IÒXeµ
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y1y2y3

y4y5

x1x2

x3x4

x6x5

3C
(3)
2+¥,-y1 = β, y2 = y3 = 1−β

2
, y4 = y5 = 2β

1−β . duy4+y5 ≈ 1.2361 > 1,

¤±ù´����î�β-��5IÒ.

3C ′
(3)
2+¥, -x1 = β, x2 = 1 − β, x3 = x6 =

√
β

1−β , x4 = x5 =
√
β.

dx3 + x4 = x5 + x6 ≈ 1.0418 > 1, ùE´����î�β-��5IÒ.

4.3.3 ½½½nnn4.3.1���yyy²²²

y². ·��I��ÄØ������ã"b�H´Ì�»ρ(H) ≤ 2
3
√

2 +
√

5�

Ø���3-���ã§·�ÄküØH¤Ø�Uäk�(�"ù¤^���

{´y²�¹¤Ø�Uäk�(��f�ãH ′äk(
√

5 − 2)-��5IÒ£X

JH ′Ø´�ä§KI�y²IÒ´���¤"�{zå�§3y²L§¥·�

-β =
√

5− 2"dÚn4.3.8, �r = 3 �, ·��I��ÄH ´{ü�ã"

�/1. XJ�3v ∈ V (H), ¦�dv ≥ 5, @oH �¹S
(3)
5 §Ù¥S

(3)
5 IÒXe

S
(3)
5

β

dé¡5§·��é�^>IÒ"·��±�y5β ≈ 1.1803 > 1§dd§dÚ

n2.2.3ÚÚn2.2.13, ·���ρ(H) > ρ′3. Ïd§·����ãH¥z��!:

�Ý�õ�4"

XJ�3v ∈ V (H)§¦�dv = 4§¿�H �¹S
(3)
4+§Ù¥S

(3)
4+ IÒXe

S
(3)
4+

x1

x2x3

x4
x5
x6

ùpx1 = β, x2 = 1 − β, x3 = β
1−β , x4 = x5 = x6 = β§·��±�yx3 +

x4 + x5 + x6 ≈ 1.0172 > 1§Ïd§dÚn2.2.3 ÚÚn2.2.13§·���ρ(H) >
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ρ(S
(3)
4+) > ρ′3"nþ§duρ(S

(3)
4 ) = ρ3 Úρ(S

(3)
4+) > ρ′3§ÏdXJH ´Ø���,

·����ãH¥z��!:�Ý�õ�3"

�/2. �ãH�¹���C
(3)
n "duρ(C

(3)
n ) = 2 3

√
4 ( [64]), ·��±b½H �

��¹�^>F§FØ3�C
(3)
n þ§
´ë�3C

(3)
n þ"Äk§·�y²F´Ï

L©|>
Ø´©|!:ë�3�C
(3)
n þ"ÄK§H�¹fÓ�.C

(3)
n+ Xe:

· · ·

C
(3)
n+

éw,§ù��ã´���§��de¡���ãC
(2)
n+*Ð��"

· · ·

C
(2)
n+

ãC
(2)
n+Ø3BrouwerÚNeumaier¤�(Ø��L¥(see Page 1)§¤±§ρ(C

(2)
n+) >√

2 +
√

5. díØ4.1.6, ·���ρ(C
(3)
n+) > 2

3
√

2 +
√

5. gñ�

Ïd, F7LÏL©|>ë��T�ãþ��þ"ÏL�Ä>F§·�ke

¡�©aµ

1. XJå©u>F�´»����©|!:§@oH�¹e¡�fÓ�

.C ′
(3)
n+. ·�éC ′

(3)
n+IÒXeµ

· · ·

C ′
(3)
n+ xn

x1z1

x2

z2 · · · y1
y2ym

dÚn4.3.6, �3x1 ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

) ÷vfnβ (x1) = 1− x1§¤±xn =

fnβ (x1) = 1 − x1£é¡5�y
IÒ´���¤§z1 = 1 − xn = x1.

-y1 = y2 = β, yi = f i−2
β (2β) (3 ≤ i ≤ m). du1−

√
1−4β
2

< 2β < 1+
√

1−4β
2

,
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dÚn2.2.14, ·���yi 'ui4~�ªu
1−
√

1−4β
2

. Ïd, ym > 1−
√

1−4β
2

,

z2 = 1− ym < 1+
√

1−4β
2

. ¤±§·�k

x1 · z1 · z2 < (
1 +
√

1− 4β

2
)3 = β.

Ïd, C ′
(3)
n+ ´��β-��5�"·���ρ(H) ≥ ρ(C ′

(3)
n+) > ρ′3. gñ�

2. XJå©u>F�´»����©|>§@oH�¹e¡�fÓ�

.C ′′
(3)
n+§·�éC

′′(3)
n+IÒXeµ

· · ·

C ′′
(3)
n+ xn

x1z1

x2

z2 · · ·
k1

y1 k2ym

aquþ�«�¹§dÚn4.3.6,�3x1 ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

)÷vfnβ (x1) =

1 − x1. ¤±, xn = fnβ (x1) = 1 − x1, z1 = 1 − xn = x1. -k1 = k2 = β,

y1 = β
(1−β)2

,�yi = f i−1
β (y1) (2 ≤ i ≤ m). du1−

√
1−4β
2

< β
(1−β)2

< 1+
√

1−4β
2

,

dÚn2.2.14, ·���yi 'ui4~�ªu
1−
√

1−4β
2

. Ïd, ym > 1−
√

1−4β
2

,

z2 = 1− ym < 1+
√

1−4β
2

. ¤±§·�k

x1 · z1 · z2 < (
1 +
√

1− 4β

2
)3 = β.

Ïd, C ′′
(3)
n+ ´��β-��5�"·���ρ(H) ≥ ρ(C ′′

(3)
n+) > ρ′3. gñ�

3. XJå©u>F�´»�����§@oH�¹e¡�fãΘ(m1,m2,m3).

ù�fã´drné©|!:^n^�Ý©O�m1, m2, Úm3 �´»ë

�å5���"·�éΘ(m1,m2,m3)IÒXeµ

m1

m3

m2

Θ(m1,m2,m3)

x1 x1

x2 x2

x3 x3
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dÚn4.3.6, éui = 1, 2, 3, �3xi ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

) ÷vfmiβ (xi) =

1 − xi. ·�3Θ(m1,m2,m3)þ©OIÑx1, x2, Úx3¿�ég,/�±3

z^´»Pmiþ�ÑIÒ"dxi�½Â§·�´�ù
IÒ´é¡�§¿

dd�yù«IÒäk��5"d

x1x2x3 <

(
1 +
√

1− 4β

2

)3

= β

��§Tã´��β-��5�§¤±

ρ(H) ≥ ρ(Θ(m1,m2,m3)) > ρ′3.

gñ�

4. �{��¹´: H �¹���C§�=k�
´»ë�3Cþ§Ïd§H

´��X½n¥£ã�4ÄÊ.

�/3. ·�b½H´���ä§¿�-H
(3)
1 L«�k©|!:�f�ã§

-H
(3)
2 L«�k©|>�f�ã"

H
(3)
1 (n)

· · ·yn
x1

x2

y1 · · ·· · ·

H
(3)
2 (n)

qn

x1

x2q1
h1
h3 h2

3ãH
(3)
1 (n)¥, -x1 = x2 = β, y1 = β

1−2β
= fβ(2β), yn = fnβ (2β). d

u2β ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

), dÚn2.2.14, ·���yn = fnβ >
1−
√

1−4β
2

.

3ãH
(3)
2 (n)¥, -x1 = x2 = β, h1 = h2 = 1 − β, h3 = β

(1−β)2
. ·�

�±�yh3 ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

). duqn = fnβ (h3), dÚn2.2.14, ·��

�qn >
1−
√

1−4β
2

.

·��±üØe¡ù
(�§��H´��X½n¥£ã�mÄÊ"Äk§

b�3H�¥m�3��©|!:§¿�H�¹e¡�fã

G1 G2z1 z2
z3
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ùpG1 ÚG2 5guH
(3)
1 (n) ½H

(3)
2 (n) ( n ≥ 0)§¿�ÏLã¥ùÚ!:�Ê

Ü3�¬"·��±��

z1 + z2 + β >
1−
√

1− 4β

2
+

1−
√

1− 4β

2
+ β = 1.

dd��ù�f�ã´��5�§¤±ρ(H) > ρ′3. gñ�

XJH�¹��©|>§ë�ù^>n�!:�ÑØ´´»§H�¹e¡

�fã

z3z1 z2K1 K2

K3

ùpK1, K2 ÚK3 5guH
(3)
1 (n) ½H

(3)
2 (n) ( n ≥ 0)§¿�ÏLã¥ùÚ!

:�ÊÜ3�¬"aquþ�«�¹§éui = 1, 2, 3, dÚn2.2.14, ·��

�zi <
1+
√

1−4β
2

. ¤±§

z1 · z2 · z3 < (
1 +
√

1− 4β

2
)3 = β.

dd��ù�f�ã´��5�§¤±ρ(H) > ρ′3. gñ�

nþ§H 7L´��X½n¥£ã�mÄÊ" �

4.3.4 ½½½nnn4.3.2���yyy²²²

y²µ -H�Ì�»ρ(H) ≤ ρ′4 = 6
4
√

2 +
√

5�Ø���4-���ã"XJHØ

´{ü�ã§dÚn4.3.8 �§§Ò´C
(4)
2 "ly3å§·��ÄH´{ü�

ã"

�/1. H �¹�C. duH´Ø���§§�½¹k�^vk�!:�>F"

·��Äe¡ü«�¹µ

1. >F 3�Cþ§H �¹e¡�fÓ�.C
(4)
n+§

C
(4)
n+

x1z1

x2

z2
xn

z3

y2

y1
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dÚn4.3.6, �3x1 ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

) ÷vfnβ (x1) = 1− x1§¤±xn =

fnβ (x1) = 1−x1£é¡5�y
IÒ´���¤§z1 = 1−xn = x1. -y1 =

y2 = β, z2 = z3 = 1−β,·��±�yx1 ·z1 ·z2 ·z3 < (1+
√

1−4β
2

)2 ·(1−β)2 ≈
0.2229 < β, ddC

(4)
n+ ´β-��5�. ·���ρ(H) ≥ ρ(C

(4)
n+) > ρ′r.

2. XJ>F Ø3�C þ, �3�^´»ë�F ÚC. Thus, H �¹e¡�f

Ó�.µ

C ′
(4)
n+

x1z1

x2

z2
xn

qm · · ·
x1

x2

q1 x3

�c¡��§�3x1 ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

)Úz1 = x1. -x1 = x2 = x3 = β,

q1 = β
(1−β)3

, ·��±�yq1 ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

). -qm = fm−1
β (q1), dÚ

n2.2.14,·���qm'um4~,¿��m→∞,·���qm > 1−
√

1−4β
2

.

Ïdz2 = 1 − qm < 1+
√

1−4β
2

. ·��±�yt x1 · z1 · z2 < (1+
√

1−4β
2

)3 = β,

?
��C ′
(4)
n+ ´β-��5�§¤±·�kρ(H) ≥ ρ(C ′

(4)
n+) > ρ′r.

�/2. H ´���ä§�Ø´��4-�Ä.�ã. ·��±üØ�
f

�ã(�§��HäkmÄÊ(�"-H
(4)
1 (n) L«äk©|!:�f�ã§

-H
(4)
2 (n, j) ( j = 0, 1, 2, 3)L«äk©|>�f�ã"·�éùü�f�ãI

ÒXeµ

H
(4)
1 (n)

· · ·
←n

yn
x1

x2
y1

· · ·· · · · · ·

H
(4)
2 (n, j) for j = 0, 1, 2, 3.

←n →j
qn

x1

x2

q1
h1

h2
h4h3

cj c1

3ãH4
1 (n)þ, -x1 = x2 = β, y1 = β

1−2β
= fβ(2β), yn = fnβ (2β). du2β ∈

(1−
√

1−4β
2

, 1+
√

1−4β
2

), dÚn2.2.14, ·���yn = fnβ >
1−
√

1−4β
2

. 3ãH4
2 (n, j)þ,

-x1 = x2 = c1 = β, h1 = h2 = 1 − β, cj = f j−1
β (β). �j = 0�, ·��
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�h3 = 1, h4 = β
h1h2h3

= β
(1−β)2

. �j = 1�, h3 = 1 − β, h4 = β
h1h2h3

= β
(1−β)3

.

�j = 2�, h3 = 1 − c2 = 1−2β
1−β , h4 = β

h1h2h3
= β

(1−β)(1−2β)
. �j = 3�, h3 =

1−c3 = 1−3β+β2

1−2β
, h4 = β

h1h2h3
= β(1−2β)

(1−3β+β2)(1−β)2
. ·��±�y§éuj = 0, 1, 2, 3,

h4 ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

). duqn = fnβ (h4),dÚn2.2.14,·���qn >
1−
√

1−4β
2

.

·��±üØe�ù
(�§?
��H´��mÄÊ"

1. Äk§·ky²¤k�©|!:Ú©|>23Ó�^´»Pþ"ÄK§H

�¹e¡�f�ã.

z3

1
z1 z2U1 U2

U3

ùpU1, U2ÚU35guH
4
1 (n) ( n ≥ 0)½H4

2 (n, j) ( n ≥ 0, j = 0, 1, 2, 3),¿

�ÏLã¥ùÚ!:�ÊÜ3�¬"·�´�z1 ·z2 ·z3 ·1 < (1+
√

1−4β
2

)3 ·1 =

β. Ïd§ù�f�ã´β-��5�§ρ(H) > ρ′4.

2. ?¿©|!:23´»P�à:?§ÄK§H �¹e¡�f�ã

U4 U5z1 z2
z3

ùpU4 ÚU5 5guH
4
1 (n) (n ≥ 0)½H4

2 (n, j) ( n ≥ 0 �j = 0, 1, 2, 3)§

¿�ÏLã¥ùÚ!:�ÊÜ3�¬"´�z1 + z2 + z3 > 1−
√

1−4β
2

+
1−
√

1−4β
2

+ β = 1. Ïd§df�ã´β-��5�§ρ(H) > ρ′4.

3. ?¿©|>�7L23´»P�à:?§ÄK§H �¹e¡�f�ã

β

β

z4

z3
z1 z2U6 U7
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ùpU6ÚU7 5guH
4
1 (n) ( n ≥ 0) and H4

2 (n, j) ( n ≥ 0, j = 0, 1, 2, 3), ¿

�ÏLã¥ùÚ!:�ÊÜ3�¬"´�

z1 · z2 · z3 · z4 < (
1 +
√

1− 4β

2
)2 · (1− β)2 ≈ 0.2229 < β.

df�ã´β-��5�§ρ(H) > ρ′r. gñ�

4. y3·��Äz��4-©|>��Ý©O�1, 1, Úk (k = 1, 2, 3)�´»ë

�§ÄK§H�¹e¡�?��f�ã

z2

z3
z1 z4 U8x1 x2

y2

y1

y3

q1 q2 q3 q4

x1

x2

z2

z3
z1 z4 U9

ùpU8 ÚU9 5guH
4
1 (n) ( n ≥ 0) ½H4

2 (n, j) ( n ≥ 0§j = 0, 1, 2, 3)§¿

�ÏLã¥ùÚ!:�ÊÜ3�¬"

éu�>��ã§-x1 = y1 = y3 = β, x2 = y2 = β
1−β , z3 = 1 − β,

z1 = z2 = 1−2β
1−β , kz4 <

1+
√

1−4β
2

. Ïd§

z1 · z2 · z3 · z4 < (
1 +
√

1− 4β

2
) · (1− 2β

1− β
)2 · (1− β) ≈ 0.2254 < β.

éum>��ã§-q1 = x1 = x2 = β, qi = f i−1
β (β) (i = 2, 3, 4), z1 =

1− q4 = 1−4β+3β2

1−3β+β2 , z2 = z3 = 1− β, ·�kz4 <
1+
√

1−4β
2

. Ïd

z1 · z2 · z3 · z4 <
1 +
√

1− 4β

2
· 1− 4β + 3β2

1− 3β + β2
· (1− β)2 ≈ 0.2314 < β.

ùü�f�ãÑ´β-��5�§¤�ρ(H) > ρ′r. gñ�

nþ§H ´��X½n¥¤£ã�mÄÊ"

�/3. H ´��4-�Ä.�ãH
(4)
i,j,k,l (1 ≤ i ≤ j ≤ k ≤ l.)
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·�éH
(4)
i,j,k,lIÒ¦§Ø
3©|>	´β-�5�"3©|>SIÒ�¦

1^g(i, j, k, l)L«§·���

g(i, j, k, l) = f i−1
β (β)f j−1

β (β)fk−1
β (β)f l−1

β (β).

N´�y§XJg(i, j, k, l) < β§@ok(i, j, k, l) = (2, 2, 2, 2), (1, 2, 2, 4), (1, 2, 3, 3),

(1, 1, 5, 5), ½(1, 1, 4, 6)§¤±§H ØU�¹ù
4-�Ä.�ã"Ïd§H7L

´e¡�ã¥��«µ

H
(4)
1,2,2,2, H

(4)
1,2,2,3, H

(4)
1,1,4,4, H

(4)
1,1,4,5, H

(4)
1,1,k,l (1 ≤ k ≤ 3, �k ≤ l). ´�ù
�ãÑ

´β-g�5�. ù´éÌ�»ρ(H) < ρ′4�4-�Ä.�ã���©a" �

4.3.5 ½½½nnn4.3.3���yyy²²²

y²µ -S
(r)
r L«�¹r + 1 ^>�(G���ã"ùr + 1 ^>©O

´F0 = {v1, v2, . . . , vr}, F1, . . ., Fr, ùpFi ∩ F0 = {vi} (1 ≤ i ≤ r), Fi ∩ Fj = ∅
(1 ≤ i ≤ j ≤ r). (·��±3½n4.3.3¥�wS

(5)
5 )"

Äk·�y²ρr(S
(r)
r ) > ρ′r (r ≥ 6). -B(vi, Fi) = β, B(vi, F0) = 1 − β,

1 ≤ i ≤ r. éur ≥ 6§3>F0 S�IÒ¦1�

(1− β)r < β.

Ïd, S
(r)
r ´β-��5�. XJH´Ø�����¹S

(r)
r (r ≥ 6), dÚn4.3.5, ·

���ρ(H) ≥ ρ(S
(r)
r ) > ρ′r. gñ�

^Ó���{·��±y²S
(5)
5 ´β-g�5�. ,	§XJH´Ì�

»ρ(H) ≤ ρ′5����ã§�Ø´S
(5)
5 , @oH �¹e¡�fÓ�.S ′

(5)
5 ½S

(5)
5+§

IÒXe

x4

x5
x1
x2x3

1
2
1
2

S ′
(5)
5

y4

y5
y1
y2y3 β

S
(5)
5+
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éuS ′
(5)
5 ,-x1 = x2 = 1− 2β, x3 = x4 = x5 = 1− β. ·��±�y

x1x2x3x4x5 = (1− 2β)2(1− β)3 ≈ 0.1242 < β.

éuS
(5)
5+ , -y1 = 1− fβ(β) = 1−2β

1−β , y2 = y3 = y4 = y5 = 1− β. ·��±�y

y1y2y3y4y5 = (1− 2β)(1− β)4 ≈ 0.1798 < β.

Ïd§S ′
(5)
5 ÚS

(5)
5+ Ñ´��β-��5�§¤±ρ(H) > ρ′5. gñ�

nþ§H ´5(G���ã" �

4.3.6 ���EEEÌÌÌ���»»»ρ(H) ≤ (r − 1)!
r
√

2 +
√

5���mmmÄÄÄÊÊÊÚÚÚ444ÄÄÄÊÊÊ

3ù�!§·�éÌ�»�õ�(r − 1)!
r
√

2 +
√

5�r-���ãH �(

�?1�y"§��±d½n4.3.1-4.3.3¥��ã±9Cvetković et al [27]

ÚBrouwer-Neumaier [22]¤�Ñ���ã*Ð��"ù´��Ø��©a§

�´é�ã(��£ã"ù�(J�Woo ÚNeumaie ¤�y�Ì�»�õ

�3
2

√
2([63])���ã�(Jaq"�´·���{�Woo ÚNeumaie¤^��

5�ê��{��ØÓ§
�éu��ã§^·���{�±��{zWoo

ÚNeumaie�y²§
���Woo ÚNeumaie�Ó�(J"éu��ã§du

y²�´§·�ùpØ2�Ñy²"

y3§·��E�
Ì�»�õ�ρ(H) ≤ (r − 1)!
r
√

2 +
√

5��ã§ù�

�±w�´é½n4.3.1-4.3.3�(Ø��y"

·�®²é4-(G���ã�
��©a§ÏdØI�2��Eùaã/"

·�Äk�I�E�
3-4ÄÊ, 3-mÄÊÚ4-mÄÊ"·�k�Ñ�
Ü©�

ã§ù
Ü©�ã�±ÊÜ3�¬/¤��Ì�»ρ(H) ≤ (r − 1)!
r
√

2 +
√

5�

�ã. ùp§��Ü©�ã´���¹��½ü��½!:����ã"·�

¡��Ü©�ã´α-g�5�§XJ�3��\�'éÝ
B÷v

1.
∏

v∈eB(v, e) ≥ α, ∀e ∈ E(H),

2.
∑

e : v∈eB(v, e) ≤ 1
2
, éu�½!:v,

3.
∑

e : v∈eB(v, e) ≤ 1, éu��½!:.
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Ún4.3.9 éuXeÜ©�ãG(3)
1 (m, k1, k2), G

(2)
2 (m, k), ÚG(4)

3 (t, k) (ù

Ú���½!:)§·�ke�(Øµ

1. é?¿�m ≥ 1, �3k0 ¦�é?¿k1, k2 ≥ k0, G
(3)
1 (m, k1, k2)´(

√
5−2)-

g�5�.

2. é?¿�m ≥ 1, �3k0 ¦�é?¿k ≥ k0, G
(2)
2 (m, k) ´(

√
5− 2)-g�5

�.

3. é?¿�t = 1, 2, 3, �3kt ¦�é?¿k ≥ kt, G
(4)
3 (t, k) ´(

√
5 − 2)-g�

5�.

...

· · ·. . .

m↑

← →k2 k1

G
(3)
1 (m, k1, k2)

· · · · · ·← →m k

G
(2)
2 (m, k)

· · ·· · · · · ·

G
(4)
3 (t, k) (for t = 1, 2, 3)

←t →k

y²µ ·�3�½!:��á-IÒ�1
2
§Ù§�!:��áIÒ1 Ø
©|

!:Ú©|>	§·�¦IÒ÷v½Â2.2.5¥�ü^"·�éù3�Ü©�ã

IÒXeµ

...

· · ·. . .

G
(3)
1 (m, k1, k2)

2β x3x2

x1

β

2β 1
2

1
2

· · · · · ·

G
(2)
2 (m, k)

β y1 y2 2β 1
2

β
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· · ·· · · · · ·

G
(4)
3 (t, k)

β

β

β

z1

z2
z3 z4 2β 1

2

éuÜ©�ãG
(3)
1 §dfβ, ·���x1 = 1 − fm−1

β (β), x2 = 1 − fk1−1
β (2β),

x3 = 1− fk2−1
β (2β). ·�^g(m, k1, k2)L«3¥Ü©|>S�IÒ¦È§´�

g(m, k1, k2) = x1x2x3 = (1− fm−1
β (β))(1− fk1−1

β (2β))(1− fk2−1
β (2β)).

dÚn2.2.14, Ï�2β ∈ (1−
√

1−4β
2

, 1+
√

1−4β
2

)§��1 − fm−1
β (β) > 1+

√
1−4β
2

,

�limk1→∞(1− fk1−1
β (2β)) = limk2→∞(1− fk2−1

β (2β)) = 1+
√

1−4β
2

. Ïd,

lim
k1,k2→∞

g(m, k1, k2) >

(
1 +
√

1− 4β

2

)3

= β,

�3k0 ¦�ék1, k2 ≥ k0, kg(m, k1, k2) > β, ½=, G
(3)
1 ´β-g�5�.

Ó�/§éuG
(2)
2 , ·��y1 = fm−1

β (β), y2 = fk−1
β (2β). 3©|!:?�I

Ò�Ú�

β + y1 + y2 = β + fm−1
β (β) + fk−1

β (2β).

�k →∞�,

lim
k→∞

(β + fm−1
β (β) + fk−1

β (2β)) < β +
1−
√

1− 4β

2
+

1−
√

1− 4β

2
= 1.

Ïd§�3k0 = k0(m) ¦�é?¿k ≥ k0, ·�ky1 + y2 + β < 1, ¤±G
(2)
2

´β-g�5�.

éuG
(4)
3 (t, k), ·�kz1 = z2 = 1− β, z3 = 1− f t−1

β (β), z4 = 1− fk−1
β (2β).

3©|>S�IÒ¦È�

z1z2z3z4 = (1− β)2(1− f t−1
β (β))(1− fk−1

β (2β)).

é?¿t = 1, 2, 3, ·��±�y

(1− β)2(1− f t−1
β (β))

1 +
√

1− 4β

2
< β.
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��3kt ¦�é?¿k ≥ kt, G
(4)
3 ´β-g�5�. �

éz^>O\��!:§�½!:ØC§dd·�´�§éÜ©�ã§*

ÐnØE,´¤á�"XJ��Ü©�ãG´α-g�5�§éG?1*Ð�¤

���ã/E,´α-g�5�"é?¿r ≥ 4, ·��±òG
(3)
1 (m, k1, k2) *Ð

�G
(r)
1 (m, k1, k2), òG

(2)
2 (m, k) *Ð�G

(r)
2 (m, k), òG

(4)
3 (t, k) *Ð�G

(r)
3 (t, k)"

òG
(r)
1 , G

(r)
2 ÚG

(r)
3 ÏL�½!:ÊÜ��¬, ����#ãH, HE,´(

√
5−

2)-g�5�. ÏLù«�{§·��±��éõÌ�»ρ(H) < ρ′r��ã§~X

······

...

...
...

. . .
m

m

m
··· ··· · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

...↑
...↑

...↑m1 m2 mi

k0k0k0k0k0 k1 k2 k3 k4 kj kj+1 n1 n2
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[57] J. A. Rodŕıguez, On the Laplacian Spectrum and Walk-regular Hypergraphs,

Linear and Multilinear Algebra, 51 (3) (2003), 285-297.
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